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Abstract

We consider models based on conservation laws. For the optimization
of such systems, a sensitivity analysis is essential to determine how changes
in the decision variables influence the objective function. Here we study
the sensitivity with respect to the initial data of objective functions that
depend upon the solution of Riemann problems with piecewise linear flux
functions. We present representations for the one-sided directional deriva-
tives of the objective functions. The results can be used in the numerical
method called Front-Tracking.

1 Introduction

Conservation laws play an important role in physics and engineering. They
appear for example as a model of traffic flow [17, 1, 13, 7], in two phase flow
problems [16], in water flows [8, 9] and gas dynamics [16, 18, 4]. Usually, certain
system parameters can be controlled and therefore, the necessity arises to deal
with problems of optimal control. In general the optimal control problem is
driven by nonlinear conservation laws and to obtain gradient information we
need a sensitivity calculus that incorporates those nonlinear hyperbolic equa-
tions.

We consider a sensitivity calculus for scalar nonlinear hyperbolic conservation
laws with piece-wise linear flux and piece-wise constant initial data. This set-
ting was introduced by Dafermos in [3]. Later different authors extended the
introduced ideas and developed a scheme, called front- [14] or wave-tracking [2]
which is at one hand an analytical tool for proving existence and uniqueness
of solutions, and at the other hand an efficient numerical method. For further
references, see [11, 12, 14, 2].
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For effective numerical computations we derive a sensitivity calculus for nonlin-
ear hyperbolic equations in the front-tracking setting. The numerical method
computing the state and a consistent gradient. In terms of the Front-Tracking
method, the additional effort for the gradient computation is neglectable. In a
forthcoming publication we will present numerical examples using the theoreti-
cal results developed here. Also the theoretical results are valid for non—convex
and non—concave flux functions.

Related work on sensitivity analysis for networked hyperbolic systems within
the framework of continuously differentiable solutions has been given in [6, 5].
A sensitivity analysis for nonlinear hyperbolic conservation laws with source
term has been given by S. Ulbrich in [19], [20]. We perform this analysis in
the framework of front—tracking, since this yields explicit representations of the
derivatives that can be used numerically.

2 Cauchy Problem

We consider Cauchy problems on the real line. Due to Dafermos [3] we have

Lemma 2.1. Assume f is piece-wise linear, Lipschitz continuous on [m, M]
and

O B 1)

where uy, u, € [m, M| are constants. Then there exists an entropic weak solution

of
yt(xat) + f(y(x7t))x =0 (2)
and
y(@,0) = uo(x) (3)

which consists of a finite number of constants states separated by shocks centered
at the origin.

We consider entropy weak solutions in the sense of Kruzskov, see [15]. An
introduction to this type of solutions is given in [14].

The solution can be given explicitly by

ug, —00 < z/t < 7f(y11):£l(ul)»
R IC (T f(yzjg:ﬁyl),
y(xvt): : (4)
e RN =
uy, LU0y wgi:glgyk} < z/t < o0



where the points y* are determined as follows. In the case u; < u, the boundary
of the convex hull of the set

{(y,v) rw <y <upv = fly)} (5)
is a polygonal line with vertices at (ur, f(w)), (v, f(¥")), -+, (u*, F(y")), (ur, f(ur))
for u; < y' < -+ < y* < w,. Herein (v%, f(3%)),i = 1,..., k are also vertices of

the graph of f. The construction is similar for the case u, < u;.

Let h = min{|y'Tt —¢f| : i = 1,...,k — 1}, § = (01,62) with ||0]jec < h. We
consider disturbed initial data

u6($): w+0 <0
0 U, +00 x>0

(6)

and the weak admissible solution y° to (2).

3 Main result: Sensitivity calculus for the objective
function

We introduce the general optimal control problems for our discussion. We
assume the objective functions of the following form, i.e., terminal measurement
on a (sub-)set of the real line. Let 21 < 0 < x5 and T' > 0 be given. Let g be

a continuously differentiable real-valued function on R with compact support.
Define
T2
Iu) = [ gly(a,T) ds 7)
z1

where y is the solution of the Cauchy problem (2),(3). We derive a sensitivity
calculus for I in Theorem 3.1 below. The corresponding optimization problem
is

min I (up). (8)

uo

For the solution of (8), a sensitivity calculus for the objective function I is
essential. In general only the one—sided directional derivatives of I exist.

Definition For § € R? with
m<u+61 <ur+dh <M

let fg denote the lower convex envelope of f in the interval [u;+ 01, u, + d2]. In
particular, f is the lower convex envelope of f in the interval [ug,u,].

Theorem 3.1. Let I be asin (7). Let ug be as in (1) and yo(x,t) be the solution
to the Cauchy problem (2),(3). Let u be as in (6).

Assume that uy, u, € (m, M), u; < u,. Assume that k > 1.

For 6 € R?, define
h(d) = I(u)).



Then the following expansion holds:
I(u) = I(uo) + 6195, +h(0) + 6205,4h(0) + O(||6]?) (9)

where the right-hand side derivatives Os, v, Os,+ or the left-hand side derivatives
0s,—, Os,— are chosen according to the sign of 61, d2 respectively. The one-sided
partial derivatives of h are given below.

Let

flyr) = f(w) D, = flur) = flye)

Y1 —w Ur — Yk
Let X(z,,2,) denote the characteristic function of the interval [x1,22) that is

0 if xdx,w),
X[ml,m)(f”)—{ 1 if z€ [z, 22).

D, =

(10)

For an interval [a,b], let u([a,b]) = b — a denote the length of the interval.
If D; — f! (u;) <0 holds, then

On,-h(0) = g/ () ([, 220, 7D~ L ZIU Dy 1 ()]s, (T,
(1)
If Dy — fl(u;) > 0 then

0s,~10(0) = g’ (ur) p([w1, w2] N (=00, Tf7 (w))). (12)
If {D; = f'.(w) or for all w € (u,y1) : f(u) > fO(u)} holds, then

On,-1(0) = g/ (1) o (00, 7D~ LI Dy )] (T D).
(13)
If {D; # f.(w) and there exists u € (uj,y1) : f(u) = fo(u)} then

95, 1(0) = g' () (s, w2l (00, TD)) ~ L =IM) 1y 1 () ¥ (TD):

v (14)
If fi.(u,) < D, holds, then
On,+(0) = g/ (1) o, 22l 7Dy, 00)) X =IO 71D, 1 (1)) 3y (7D,
' (15)
If f!.(u;) > D, then
05, +h(0) = g'(ur) p((ar, 2] O [TF (), o). (16)

If {D, = f" (u,) or for allu € (y,u,) : f(u) > f2(u)} holds, then

O50) = o (o, I (D, 00)+ LI 1 g, (7D
)



If {D, # f' (u,) and there exists u € (yp,u,) : f(u) = fO(u)}, then

08 1(0) = o (ur (o, 22T Dy 0) + LI (D ()] (D))
s)

Remark 3.2. Theorem 3.1 holds true even for a non—convez objective function.
In the case k = 0 the assertion of the theorem is true, once we replace y =
and y1 = u, at the appropriate places.

Although our objective function is of integral type, in the derivative integrals
do not appear explicitly. However, the terms where measures pu appear can
obviously be interpreted as integrals. This is not the case for the additional
shift—terms where the characteristic functions and the shock speeds appear.

4 Convex envelope of piecewise linear functions

For our analysis, we need a sensitivity Lemma about the behavior of the lower
convex envelope of piecewise linear functions if the interval where the convex
envelope is changed. It turns out that if the changes of the boundary points of
the interval are small enough, the resulting changes in the convex hull are easy
to describe: First, changes on the left—hand side are independent of changes on
the right—hand side. Moreover, on each side either the number of breakpoints
remains constant (in this case the first breakpoint is moved), or one additional
breakpoint appears. As a breakpoint of a function f we understand a vertex of
the lower convex envelope of f. To be more precise, we define:

Definition 4.1. Let f : R — [m, M] be a given piece-wise linear function.

u € R is called a breakpoint of f, if (u, f(u)) is a vertex of the lower convex
envelope of f.

Lemma 4.2. Let real numbers m, M be given such that m < M. Let ug,
uy € (m, M) be given such that u; < w,. Consider a piecewise linear function

f that is defined on [m, M].

Then fg 18 piecewise linear and the set of breakpoints of fg 1s contained in the
set of breakpoints of f. Assume that fO has at least one breakpoint in (uy, u,).
Let y1 denote the smallest breakpoint of fO that is larger than u;. Let yi, denote
the largest breakpoint of fO that is smaller than u,.

If |01 | + |62 is sufficiently small, then between y; and yy, the function fO has the
same breakpoints as f°.

I
51<0 and £ (w) > (£, (w), (19)

then u; + 01 is the only breakpoint of fq‘j that is smaller than yi. This is also
the case if 01 > 0 and

{fi(w) = (fg);(ul) or for allu € (uj,y1) we have f(u) > fg(u)} (20)



Otherwise f has two breakpoints w; + 61, U that are smaller than y1. If 6 < 0,
uw = wu. If o1 > 0, the point u is the smallest breakpoint of f in (u;,y1) such
that on [, y1] we have f0 = f.

If

d2 >0 and fi(ur) < (fl?)/*(u”")7 (21)
then u, + 62 is the only breakpoint of fO that is larger than yy,. This is also the
case if 42 < 0 and

{f (uy) = () (ur) or for allu € (yp,u,) we have f(u) > fo(u)}. (22)

Otherwise f° has two breakpoints T, u, + 6o that are larger than yg. If 53 > 0,
u = u,. If 93 < 0, the point w is the largest breakpoint of f in (yx,u,) such that
on [y, ur] we have fO = f.

Before we start with the proof of the Lemma we provide two pictures, that
should motivate the discussion below. The notation in Figure 1 and 2 are as in
the above lemma.

Figure 1: Example for the case d; < 0. Top part corresponds to the case where
condition (19) is satisfied. Bottom part shows a case where condition (19) is
violated and where we obtain an additional breakpoint.

Proof. The epigraph of fo is the convex hull of the epigraph of f. Since f
is piecewise linear, the convex hull of the epigraph of f has a finite number
of vertices. These vertices are breakpoints of f. This implies that f? is also



Figure 2: Example for the case d; > 0. Top part of the figure shows a case
where (20) holds and the bottom part gives an example for a case where we
obtain an additional breakpoint @ of f.

piecewise linear and the set of breakpoints of fg is contained in the set of
breakpoints of f.

Choose [01] > 0 so small that f is linear between u; and u;+d1. Choose [d2| > 0
so small that f is linear between u, and u, + Jo.

We have

w = (fO) () = (£ (1) < (£ ().

Thus we can choose |d1] so small that we have

fly1) — fug + 61)

Y1 —u — 01

< (£ ()

We have
fur) — f(yr)

Ur — Yk

= (fu)(ur) = (L)s () > (F)" ()
Thus we can choose |d3| so small that we have

fur +02) = f(yr)

0y/
> ).




Since () (w) < (f2)_(u,), we can choose |01+ |§2| so small that

f(y1) — fug + 61) - fur +02) — f(yr)

Y1 —w — 0 ur + 02—y (23)
4.1 The case 6; <0, d, >0
Now we consider the case 61 < 0, d3 > 0 where [ug, u,| C [u; + 01, uyr + 2.
Consider the polygonal line through the points
(w + 01, f(u + 61)), (ur, f(w)), (yr, f(y1))- (24)

If it is the graph of a convex function, then the polygonal line through

(ur + 01, f(w +61)), (ur, f(w)), (i, £ (1)), o (Y S ()

is also the graph of a convex function g;. Moreover, g1 < f on [u; + d1, Yk

If the polygonal line through the points (24) is not the graph of a convex function
(this is the case if (19) holds), then the polygonal line through the points

(ug =+ 01, f(ug 4 61)), (y1, F(W1)), -5 (Yrs £ (r))

is the graph of a convex function g;. Moreover, g1 < f on [u; + 01, yx|.

Now consider the polygonal line through

Wk, f (k) (ur, fur)), (ur + 02, f(ur + 02)). (25)

If it is the graph of a convex function, then also the polygonal line through

(y1, f(yl))> ) (yka f(yk))a (ura f(ur))7 (UT + 02, f(uT‘ + 62))

is the graph of a convex function go. Moreover, go < f on [y1, u, + d2].

If the polygonal line through the points (25) is not the graph of a convex function
(this is the case if (21) holds), then the polygonal line through the points

(yh f(yl))7 SX3) (yka f(yk))’ (UT + 627 f(uT + 52))

is the graph of a convex function go with go < f on [y1, u, + d2].
Thus we have constructed convex functions g, g2 with g1 = g2 on [y, yx].

Define the function g on [u; + d1,u, + 2] by g(u) = g1(u) for u € [u; + 01, y1]
and g(u) = go(u) for u > y;.

Then g is convex on [u;+ 31, ur +02]. (If y1 = yg, this is due to (23).) Moreover,
g < fon [u;+ 61, u, + d2]. By our construction, at the breakpoints of g we have
f(u) = g(u). This implies that g = f2.



4.2 The case 6; >0, 6 >0

Now we consider the case 61 > 0, do > 0.

Assume that (20) holds. If £} (u) = (f9), (w), we define the convex function
gs(u) = flon [u+01,..., yy]. Then gs(u) < f on [u+01, ..., ys] and gs(u+01) =
flu+61).
If £ (uw) > (f2) (w), condition (20) implies that for all u € (u;,y1), we have
f(u) > fO(u). Hence if 6; is sufficiently small, the line through (u; + &1, f(u; +
51)), (y1, f(y1)) is below the graph of f. Thus for the convex function g3 whose
graph is the polygonal line through (u;+0d1, f(ui+61)), (v1, f(y1)), - (yk, f(yx))
we have gs(u) < f on [u+ 01, ..., Y]
If (20) is violated, then

Filw) > (£ (w) (26)
and there exist breakpoints of f in (u;, 1) such that on [@, 1] we have f0 = f.

Let @ be the smallest breakpoint of this type. Consider the polygonal line
through the points

(ur +01), f(u + 61)), (@, f (@), (y1, f(y1))- (27)

Since f is linear on the interval [u;, u; + d1], condition (26) implies that we have

f@) — flu+6) _ f@)—flw) _ oy
e N AT! 25)
Since B
(12, ) = L=,

(28) shows that the polygonal line through the points (27) is the graph of a
convex function h. Moreover, we can choose |01 so small that on the interval
[u; + 01,y1] we have h < f. Thus we can define the convex function g3 on
[u;+ 81, yk] as the function whose graph is the polygonal line through the points

(w4 01), fw +01)), (@, (@), (1, F(y1))s s Wk, £ k))-

Then we have gs(u) < f on [u+ 01, ..., Y.

Now define the function gs as in Section 4.1. Then we define the function g
on [u; + 01, u, + 02 by g(u) = g3(u) for u € [u; + 01,y1] and g(u) = g2(u) for
u > y1. As in Section 4.1, we see that g is a convex function and g = f2.

4.3 Other cases

The other two cases (61 > 0, 02 < 0) and (01 < 0, 2 < 0) are treated anal-
ogously by constructing convex function on [u; 4+ 1, yx] and [y1, u, + d2] that
are the lower convex envelope of f on these intervals. In fact, these two func-
tions are equal to the lower convex envelope of f on [u; + d1,u, + d2] on their
respective domains.



5 Second order expansion of piecewise linear func-

tions

We also need the following Lemma about piece-wise differentiable functions, is

a statement about their first derivative.

Lemma 5.1. Let f be a piecewise linear function. Let u, y € R, u # y be

given. Define
fy) = f(u)
y—u
Assume that |0| is such that f is linear between u + 0 and u.

If 6 < 0, we have

D:

fy) = flu+4d) _ D — [ (u) &2 /
y—u—s PN T T e D Wk
If 6 > 0, we have
—flu+46 D— f' (u 52
e = o B s P - )
Proof. Let 6 < 0.
fy) = flutd)
y—u—2>0
_ S = flutd)  fly) = f(u)
y—u—2> y—u
_ ) = flu+0)lly —u] = [f(y) = f(w)]ly — v — 9]
— 6] [y —u]

B D flu) = f(u—+9) 1
6y7u75_5 —d y—u—2>a
, 1
5D ()]
_5D—f’_(u) [1 4] }
Y—u y—u—29

The proof for § > 0 works analogously.

10

(29)



6 Approximation of the derivative of the state

Here we derive an approximation of the derivative of y with respect to wug.

We want to prove that a first-order expansion of u’ with respect to § exists.

Theorem 6.1. Assume that w;, u, € (m, M), u; < u,. Assume that k > 1.
There exists a function HO(x,t) of §,z,t and such that for ||8|| sufficiently small

ly* = (y + H°)|l 2 (0.1 x) = OI5]1%)
and H® can be computed in the following way:
H® = H) + H?, if 61 <0 and dy > 0,

H° =H) +H’, if61 >0 anddy >0,
etc. with Hf , Hl‘l, H‘S Hf+ defined in the following way:

If f2(w) > (£ (w),
we have
51, 0 < 2/t < f(zn)_u( 1)
5 _ fy)—f(w) =it +5)
Hl_(flf,t)— u — Yy, ﬁké) < l?/t < W
0, yzil*uzflr ! < .’L'/t < Q.
If (32) is violated, we have
51, —o0 < z/t < f(ul)*f(S(UHrfsl)
) —01 Y
HY (z,6)=4{ 0, L=l o pp < 7f(y;f:£l(“l),
0, 7’[(1’;3;{5“1) < z/t < oo

If {f;(ul) = (ffj);(ul) or for allu € (u;,y1) we have f(u) > fg(u)}
then

51, —00 < l‘/t < f(yll) ul(zlgtél)
Hl(s-l-(x’t) = Y1 — uy, %%;61) < {L‘/t < %
0 M < z/t < o
) y1—ug )

If (33) is violated, we have
M

517 —0o0 < .%‘/t < u—u;—
) — u)— +4
H} (z,t) = uw—uy, f(uﬁ)_iil(u_l&ll) < z/t < %ﬁfu”
0, Hod=Jlw) o pft < oo

If fi(ur) < (FD) (uy),

11

(31)

(32)

(33)

(34)



we have

O7 —00 < fE/t < f(ur+62)7f(yk)

5 Fur+53)—F () JR o
Uy — Ur)—
Hyy (o) = wr—ypy “Som—p? < @/t < S
B R <t <o

If (34) is violated, we have
fQur)=f(yk)

0) —00 < l’/t < T— ,
H(a,t) = 0, L0=fw o gy o St
5y, Llrtoin) gy < oo,

If {f2(ur) = (fi)-(ur) or for all u € (yp,ur) we have f(u) > f,)(u)} (35)

we have

0 —0 < zft < L=flw)

’ Ur—yp
5 ) r+6 _
S Bl PRI
Ur 2)—J WY
(52, kak < l‘/t < OoQ.
If (35) is violated, we have

0, 0 < )t < f(uqz):f(yk)’

5 - £ )= () IONTARI)
Hr_(x,t): U — Up, Ty < I’/t < T urtoe—u
40— f (3

2, % < zft < oo.

Proof.

First we compute y°. The change from w; to u; + d; causes a shift of the first
vertex in the polygonal line that is the boundary of the convex hull of the set

{(yvv) s+ 01 <y <up+ 0o, UZf(y)} (36)

Moreover, if |61] is sufficiently small, at most one additional vertex compared
with the set (5) appears between the first and the second vertex.

The change from u, to u, + d2 causes a shift of the last vertex. Moreover, if
|02] is sufficiently small, at most one additional vertex compared with the set
(5) appears between the last and the second to last vertex.

6.0.1 Case 1: Assume that §; < 0.

Subcase 1a) Lemma 4.2 implies that if [§1] + |d2| is sufficiently small, and
(32) holds, the first vertex in the convex hull of the set (5) is shifted to (u; +
01, f(u; + 01)) and no additional vertices are generated.

In this case we have
SWH—f(w+61)

up+ 61, —oo < zft < J o
1y _ +6 _ 1
Yoty =1 yt, MLt ooy o Sl (37)

12



Subcase 1b) Lemma 4.2 implies that if |d;] + |d2| is sufficiently small, and
(32) is violated, the first vertex in the convex hull of the set (5) is shifted to
(u; + 91, f(u; + 01)) and the point (uy, f(u;)) appears as an additional vertex.

In this case we have

u; + 01, —o0 < zft < w,
*(z,1) v Tl Juthd < gfe < LUy yf_uf o (38)
Yy (x,t) = Y _ f (gl

Yl f(yyl)_il() < 2/t < (yg i(y)’

Detection of Subcase 1a)/ Subcase 1b) How can we detect the Subcase
la)/ Subcase 1b) respectively numerically?

Let p be the largest breakpoint of f that is less than w; if such a breakpoint
exists, and p = u; — 1 otherwise.

If

1 () = f(u) — f(p) > f(y) — flu)
u —p Y1 — w

we are in Subcase la); otherwise we are in Subcase 1b). Note that the last
differential quotient in (39) gives the right-hand side derivative in the point
u; of the function that is defined by the boundary of the convex hull of the
epigraph of f.

(39)

6.0.2 Case 2: Assume that d; > 0.

Subcase 2a)

Lemma 4.2 implies that if 01| + [d2| is sufficiently small, and (33) holds, the
first vertex in the convex hull of the set (5) is shifted to (u; + 01, f(u;+91)) and
no additional vertices are generated.

In this case we have

S-S (utd)
%71” 01 ’
fly )_f(yl) (40)

y2_y1 )

up+ 61, —oo < zft <

h— 1)

Note that 3°(z,t) has the same form as in Subcase 1a).
Subcase 2b)

Lemma 4.2 implies that if [d;| 4 |d2| is sufficiently small, and (33) is violated,
the first vertex in the convex hull of the set (5) is shifted to (u; 4+ d1, f(u;+01))
and the point (u, f(u)) appears as an additional vertex.

13



In this case we have

ul—|-(51’ —00 < l’/t < f(ﬂﬂ):fil(u,l;;él)’
(ot u, ol o gy < Llm (y;fié@, (1)
Y (x,t) = Y_ r(m 2Y_ (o) 41
Y, f(yyl)_g( ) < )t < f(yygiil(y )’

Detection of Subcase 2a)/ Subcase 2b) In order to check wether we are
in Subcase 2b), we have to verify wether the following condition holds:

f(y) — flu)

' () > 42
i) > L (42)

and there exists a breakpoint @ of f in the open interval (u;,y;) such that
=y + (1= Nyr, f(@) =AM () + (1= (). (43)

If (42) and (43) hold, we are in Subcase 2b), otherwise we are in Subcase 2a).

In Subcase 2b) we have to determine the smallest @ satisfying (43). This is
in fact a finite optimization problem since we only have to compare the values
of f and the lower convex envelope of f on (u;,y;) at the breakpoints of f in

(Uhyl)-

Now we analyze analogously the changes that can occur as a result of the shift
from u, to u, + Jg if |d2] is sufficiently small. Again we have overall four cases.

6.0.3 Case 1: Assume that 5 > 0.

Subcase la)

Lemma 4.2 implies that if 01| + [d2| is sufficiently small, and (34) holds, the
last vertex in the convex hull of the set (5) is shifted to (u, + 02, f(u, + d2))
and no additional vertices are generated.

In this case we have

' kY g0 k—1 _
P t) =1 gy, e = = DR %)
up 0y, LWy < oo,

Subcase 1b) Lemma 4.2 implies that if |6;| + |d2| is sufficiently small, and
(34) is violated, the last vertex in the convex hull of the set (5) is shifted to
(uy + 92, f(ur + 62)) and the point (u,, f(u,)) appears as an additional vertex.

In this case we have

70 b L) fur)—f(yw)
yoa,t) = 9 yE—yFT < @/t < ur—yr (45)
Uy, flur)—f(yx) < J}/t < fur+ gQ)*f(“T)

“T}yk
Ur + 527 flurt gz)—f(ur)

< z/t < oo

14



Detection of Subcase 1a)/ Subcase 1b) If
J(uy +02) — f(ur Jur) = f(yk
Fouy) = ( 5) (ur)  f(ur) = Fs)
2 Ur — Yk
we are in Subcase la), otherwise we are in Subcase 1b). Note that the last

differential quotient in (46) gives the left-hand side derivative in the point u,
of the lower convex envelope of f on [u,, .

(46)

6.0.4 Case 2: Assume that d5 < 0.

Subcase 2a) Lemma 4.2 implies that if |;| + |d2| is sufficiently small, and
(35) holds, the last vertex in the convex hull of the set (5) is shifted to (u, +
d2, f(u, + 62)) and no additional vertices are generated.

In this case we have

5 ' E\_ f(ok—1 _
Yoz, t) =< gy, fly 27f£y_1 ) o z/t < f(uJifgg_giyk)’ (47)
Uy + 02, —f(“;‘ffggjgiyk) < z/t < oo

Note that y°(z,t) has the same form as in Subcase 1a).

Subcase 2b) Lemma 4.2 implies that if |§1] + |d2| is sufficiently small, and
(35) is violated, the last vertex in the convex hull of the set (5) is shifted to
(uy + 62, f(ur +92)) and a point (w, f(uw)) appears as an additional vertex; This
point @ is a breakpoint of f that can be found as follows:

There exists A € (0,1) such that
FOur + (1= Nur) = M (ye) + (1= N f(uy).
Choose the largest A of this type; in fact this A is less than one. Define

u = ka + (1= Nu,.

In this case we have

kY plrk—1 SN
g _J Yk W) o g < L@
viet) = a f(ﬂ%*f%yk) f(ur+%§),f(ﬂ)
u, =T < x/t < BTy e

up 48, TEERID < 2t < oo

Detection of Subcase 2a)/ Subcase 2b) If
fur) = fyr)

T (uy) < 48
) < =L (13)
and there exists a breakpoint @ of f in the open interval (yx,u,) such that

a = Ay, + (1 = Nur, and f(@) = Mf(yx) + (1 = A) f(ur). (49)

then we are in Subcase 2b).

If (48) or (49) is violated, we are in Subcase 2a).
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6.0.5 The expansion of 7°

The above considerations show that in the expansion
Y =y+ H°
we can decompose H? in the form
H° = H) + H?,

where H, le gives the sensitivity with respect to u; and Hf contains the sensitivity
information for u,.. Moreover, we have to consider one—sided sensitivities H l‘:_,
Hl‘s_, Her, H,‘L corresponding to the cases 61 > 0, 0 < 0, §o > 0, §o < O
respectively.

Define
G(s(x7t) = yé(xat) - y(a:,t)

Variations of §1: First we consider the effect of the variations of ;. In Subcase
la) we have

51 —0 <zt < flyy)—f(w)
’ Yy1—u )
Gl(w,t) =S w+d —y, L=l gy o JWsfuth) (50
fy1)—f(ui+3d
0, 7(y;1)_u§_l51 D x/t < oo.
Note that
flyr) = flw) _ fly1) — flw +61)

<
Y1 — Y1 —u — 01

since u; € [u; + 01, y1] is not a breakpoint of the lower convex envelope of f on
[ug + 01, 1]

To obtain a first order approximation of G?ﬁ we define

o1 o0 < )t < fy)—f(w)
’ —uyg )
HY (x,t) = ¢ w—yn, DI gy < Huicfmtod s
0, Hodofluto) - o gt < o

In Subcase 1b) we have

&1, —o0 < aft < Lwofds)
G?_(x,t): 0, 7f(“l)__f§(fl+6l) < zft < 7f(y;1):£z(ul); (52)
1 l
0, MM oy < oo

To obtain a first order approximation of G?ﬁ we define

HY (z,t) = G2 (x,1). (53)
In Subcase 2a) we have
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01, —00 < z/t < 7“3/;3:55@;161)
— 5 —
Gl+(x t) = Y1 — g, f(yél)_il(%—;- 1) < )t < f(yél)_il(uz)
0 fly)—=f(w) < z/t <
’ Y1—uy :

To obtain a first order approximation of G? . we define
4 1)
Hl-i-(xv t) = Gl—i—(x? t).

In Subcase 2b) we have

U—u;—01
_ s _
G?Jr(x,t) =< u—u, 7“”3 il@; DRSS x/t < 7“1';375”1)
Fly)—f(w)
0, % < z/t < oo

To obtain a first order approximation of G? . we define

Hlé-i-(x?t) = G?_,_(l‘,t).

Variations of d3: Now we consider the effect of the variations of ds.

In Subcase 1a) we have

0, o < zft < L))

) s Up+02—yr
GOi(wt) =S up+ 0y —yp, Lt gy o Jlu)odln)
Fur)—f(yx)

53, e < z/t < oo

To obtain a first order approximation of G,‘f +, we define

0 —00 < z/t < M
5 ’ Fur+53)— F () oS
Hr+ (:L‘v t) = Ur — Yk, N 1:341’»;2(7 )kyk < ':U/t < 1: 7ykyk
09, 7u£r yky’“ < z/t < 0.
In Subcase 1b) we have
0, —oo < zft < 710(%;2:5(%),
Gty =4 0, ot ooy o f(ur+6§§—f(ur)

U
62’ f(ur'f‘(s;)_f(ur) < $/t < 00.

2

To obtain a first order approximation of G,‘f +, we define

H§+($7t) = Gi+($7t)-

In Subcase 2a) we have

0, —00 < xz/t < %g(yk)’
T) T 6 —
Gty = | gy, M)y o e
da, St </t < oo
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To obtain a first order approximation of G,‘f_, we define

HY (2,t) = G2 _(a,t).

In Subcase 2b) we have

0 e < z/t < flur)—f(yr)
) Ur—Y L
Gt = Ty, L) oy o S

To obtain a first order approximation of G¢_, we define

H)_(z,t) = G)_(,1).

6.0.6 Convergence of the expansion of y°

Let
~ max fln) — flur+61)  flyr) — flw) an
10) = { yr—u — 01 Y1 —y } and
— min flur +62) — flyr)  flur) — fyr)
r(0) = min{ Up+02 —Yp U — Yk )

Then we have
1y’ — (v + H) || 1(0.7)xw)

T
[ [ W0~ ylat) — 1) de e
0 R
T )
:/ / (G (,t) — HD (2, 1)] da dt
0 —00

T [ee)

+/ / |GO(z,t) — H(,t)| da dt
0 Jr(d)t

T

< / 51t f(yl) - f(ul + 51) _ f(yl) — f(ul) gt
0 yl_ul—(Sl Y1 —

+/T5 t‘f(ur+52) —flo)  Flu) = fw)|
0 2 u7'+52_yk U — yn

T2
S5 [63 P (ug, y1, £) + 65 ho(Yk urs f) ]

(64)

with real numbers hy(ug, y1, f), ho(yk, ur, f). Note that for §; only in Subcase
la) we have a contribution for z/t < I(d) and for d2 only in Subcase la) we

have a contribution for z/t > r(6).

This finishes the proof.

Note that the shock structure of H? is similar to y and y?, respectively, except
for at most two additional intervals. This allows an effective computation of
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H®. In Figure (3) we give an example for the shock structure of H? in the
x —t—plane. The value of the state £; depends whether the conditions (19) for
91 < 0 and (20) for §; > 0 are satisfied or not. Similarly the state £ depends

on the conditions (21) and (22) for d2 > 0 and 2 < 0, respectively.

By the above theorem we obtain that H? can be seen as surrogate for the first
derivative of 4% and hence can be used in optimization methods to compute the

gradient.

Y

Figure 3: Structure of H® in 2 — t—plane. The states &; = 0 if (19) is satisfied
and the value of the state £, depends on the condition (21).

7 Proof of Theorem 3.1

In this section, we present the proof of Theorem 3.1.
Proof. If D; — f/ (w) < 0, since D; = ()’ (w), condition (32) holds. Hence

we have for § = (01,0) with §; <0
h(6) — h(0)
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DT

_ / ¢ (1)1 X[y g ()
f(yl)*f(uz(sﬂsl)T
Y] —up—oq

+ s [9(w; + 1) = 9(Y1)| X[y o) () d + O(53)
T

D, T
= / g/(ul)(SlX[:vl,xz} (ZL‘) dx
f(yl)*f(uz;%)T
Y1 —up—
+ /D U () + g ()81 — 91X (s ) () d + O(53)
T

= ¢'(w) &1 p([z1,z2] N (=00, TDy))

+ lg(w) — g(y1) + ¢’ (w)d1] (@1, z2) N [D,T, fly1) — flu +61)

T)) 4+ O(6%).

Y1 —w — 01
On account of (29) we have
f) = f(u +61)
o,z oy, Ll =St Dy
= w(er.aa] 0 [T, DT+ 6, 2T oy

Y1 —u
Dy — f (w)

Y1 —w

=& TXfora0) (DIT) + O(37)
and this implies (11).
If (32) is violated, we have for § = (§1,0) with §; < 0
h(6) — h(0)
F = f (g +81) 1

= / g ()01 X [, 20] (%) d

g/ (u)up(las, 23] 0 (oo, LU=

9 (w)d1pu([x1, 22) N (=00, fL(w)T]) + O(67).

8

This implies (12).

If {D; = f/(w) or for all u € (u;,y1) : f(u) > f2(u)}, then (33) holds and we
have for § = (01,0) with §; >0

h(8) — h(0)

fly1)— f(1l+51)T
yi—ur—

= (ul)(SlX[xl,xz](x) dx

DlT
" /M g 1960) = 900+ 05D
= ¢'(w) 61 p([z1,22] N (=00, T'Dy])

+ o) — g(an)] p(lon,az) 0 (07 + 6 2L by o).
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where for the last step we have used (30). This implies (13).

If (33) is violated, then
f(@) — f(w)

p— - -Dl7
U — Uy
and for § = (61,0) with d; > 0 we have
h(d) — h(0)
f(a)— f(ul+51)
U—up— o1
= / (ul)(SlX[xl,xg]( )d
D, T ,
L . g 90~ 900 X )+ 08
U—up—81
= ¢'(w) 61 p([z1,22] N (—o00, TDy))
D; — f\ (u
© o@) — gw)] plans s 0 (DT + 6 2 by o),

u—u
where for the last step we have used (30). This implies (13).

If f4 (uy) < D, since D, = (f2)"_(u,) condition (34) holds. Hence for § = (0, 62)
with do > 0 we have

h(d) — h(0)
D, T
N /f<ur+52>f(yk->T[g(u’" +02) = 9(Uk) X (21 ,20) () d
ur+82 —yj

+ / 9 (ur) 02X [y 20 () d + O(53)
D, T

D, T
- ﬂ (9(ur) + ¢ ()52 — () Xjor ) ()

(ur+62)—f(yg)
wur+09—yp T

4 / ¢ ()02 X oy g () i+ O(53)
D, T

= ¢'(ur) 02 p([x1, 2] N (T'Dy, 00])

+ [g(ur) — g(yk) + ' (ur)82) p([z1, 22] N [f(yk) — f(ur + 02)

yk_ur_52

T, D, T]) + O(63).

On account of (30) we have
fyk) = fur + 62)
Yk — Up — 02

D, — f-li-(uv“)

Y — Up

pller, w2 O] T, D,T])

= p([x1, x2] N [DyT + 02 T + 0(83), D, T))

Dr - f;(ur)

Yk — Up

= —0 TX(x1,x2] (DTT) + 0(53)
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and this implies (15).
If (34) is violated, we have for § = (0,d2) with d2 > 0

h(8) — h(0)

a /WTQ (t4r)82X [y 20) (%) d + O(83)
2

f(ur + 62) — f(ur)
§2 T, ))

= 9’(%)52#([951:372] N [fjr(uT)Tv OO)) + 0(5%)

= g (u)02p([z1, 2] N

This implies (16)
If {D, = f"(u,) or for all u € (y,u,) : f(u) > fO(u)}, condition (35) holds
and we have for 6 = (0, d2) with d2 < 0
h(9) — h(0)
ST

= [9(yk) — 9(ur)|X[zy 0) () d
D, T

[e.e]
/ 2
- /f(uTHz)f@k)Tg (ur)02X [y o) () d + O(J3)

fur +02) = f(yx)

= g/ur) 8ol o] (L2 o)
+ o) — gCun)] o, ol 0 (D7, LRI W 1y o)
On account of (29) we have
fur +02) — f(yr) — D, + 52Dr — fL(ur) +O(62).

U + 02 — Yk Yk — Uy
Thus h(6) — h(0)
= g'(ur)d2p([21, 22])N[Dr T, 00)) +g (k) =9(r) 102Xy ) (T D) (Dr— fL ()| +O(83).
This implies (17).
If (35) is violated, we have for § = (0, d2) with d2 <0
h(6) — h(0)

flur+d9)—f (@)
Jr+§27a T

= [g(ﬂ) - g(“r)]X[xl,xz} (HZ) dx

D, T
- /f (ur+62)ff(ﬂ)Tgl(uT)éQX[Ilvl“Q](x) dz + O(33)
= g'(ur) &2 p([z1, 22] N [f(ur ++5<25) — 0, 00))
Uy + 09 —
r+02) — f(u
+ Lol — g o, ] 0 10,7, L =T Wyy 4 o,
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On account of (29) and since D, = [f(u) — f(ur)]/[@ — u,] and we have

- u Dr_ ! T
ot 610 _py g Do S )
Ur + 00— Yk — Up

Thus h(5) — h(0)

0(52).

= g'(ur)dapu([x1, 22]N[Dr T, 00)) +1g(@) ~ g (ur)]02X 2y sez) (T Dr) (Dr— L (ur)]+O0(83).

This implies (18).

8 Example: Application to traffic flow problems

The example is academic and illustrates the possible application of the derived
calculus only. The main advantage of the calculus is the application as a nu-
merical method and as already mentioned we will present numerical results in
a forthcoming publication.

We consider an (simplified) example related to traffic flow. A typical flux-
function f(p) in traffic flow applications is concave with a single maximum [10].
We normalize the maximal density to pmax = 1 and use in the following a
piece-wise linear approximation on [0, 1] of

f(p) = p(1—p).

It is well-known that for Riemann initial data such that u; < argmaxf(:) = 3
and u, > 1—wuy, the solution to (2,3) is a shock wave travelling with non—positive
velocity. We show that this information is also obtained by considering an op-
timal control problem and by discussing the necessary and sufficient optimality

conditions derived by Theorem (3.1).

We fix w; < 3 and denote by y the solution to (2),(3) and (1). We consider the
objective function given by

1 0
Iuo) =5 [ (0(e.7) — 0 ds
-1
for T suitable large and a constant ¢ > 0. We can control u,, i.e., a part of
the initial data for ug for x > 0. To be in the setting of the Theorem (3.1) we
assume u, > uj.

A necessary condition for u, to be a minimizer, is, that the left-hand sided
derivative 05,—h(0) < 0 and the right-hand sided derivative J5,+h(0) > 0.

Then, 05,4+ h(0) > 0 implies u, > 1 — ;. Indeed, we distinguish the cases A and
B.

(A) filur) =1 =2u, < Dp =1~ (uy + k).
This implies u, > y; and due to the concavity of f we obtain y; = w;. For T
sufficiently large we obtain by (15) and 9s,+h(0) > 0, D, < 0 and u, > a.
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(B) fi(ur) > D;.

Then u, < yi and by construction u, < yi--- < u; < %, which contradicts the
assumption u, > u;.

By 0 > 05, h(0) we obtain similarly 0 > u, — a by (17) and D, < 0, which
finally yields the expected, necessary optimality conditions for w, : u, = a and
ur > 1 — u;. This also shows, that the above is controllable, if and only if
a > 1 —u; and T sufficiently large.

9 Summary

We derived a sensitivity calculus for the optimal control problem governed by
nonlinear conservation laws with initial Riemann data. The calculus is valid also
for non-convex, piecewise linear flux functions and general objective functionals.
The generalization to piecewise constant control functions is straightforward
and will be considered in a forthcoming paper containing also numerical results.
The introduced calculus is easy to implement as numerical method for gradient
computation due to the explicit formulas. Further it can be incorporated in
existing Front-Tracking codes due to the similar structure of solutions.
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