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Abstract

Optimal control problems for radiative transfer and for approximate models are con-
sidered. Following the approach first discretize, then optimize, the discrete SPy approxi-
mations are for the first time derived exactly, which can be used to study optimal control
on reduced order models. Combining asymptotic analysis and the adjoint calculus yields
diffusive-type approximations for the adjoint radiative transport equation in the spirit of
the approach first optimize, then discretize.

Keywords. Radiative transfer, Optimal control, First-Order Optimality, Discrete ordinates,
SP ny-equations, Iterative methods, Adjoint calculus.
AMS(MOS) subject classification. 35K55, 49K20, 80A20.

1 Introduction

The simulation and optimization of radiation dominated heat transfer processes, e.g. in the
field of glass cooling processes or the design of combustion chambers, pose several challenging
problems for applied mathematicians and engineers and have been extensively studied during
the last years [3, 21, 16, 2, 1, 6, 13]. Due to the high numerical complexity of the model
equations which are given by the radiative heat transfer system for the radiative intensity,
there is a strong need for sophisticated reduced order models. This led to the development
of a whole hierarchy of approximate equations, ranging from moment expansions to diffusive
type models, like the S Py-systems [9, 8, 4]. Other recent developments discuss the coupling of
radiative transfer and heat equations, see for example [7, 10], and efficient numerical schemes
for resolving the arising systems [17, 19, 18]. In this work, we are interested in the study of
optimal control problems of tracking-type in radiative transfer. The general problem we are
considering is formulated as follows:

miélf(«p,Q) subject to (1.3), (1.1)
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where ¢ is the mean intensity,
o(x) = / I(x,w)dw, (1.2)
Sd—1

S9=1 the unit sphere in R?, and I = I(x,w), the intensity at position x propagating along
direction w. We assume, I satisfies the scaled radiative transfer equation

ew-VI+ (c+r) = z ldw + Q,
4w Sd—1

(1.3)
[(w,x) = A, n-w <0,

for given boundary data A = A(w) and source term @@ = Q(x). Further, k = k(x) is the
absorption coefficient and o = o(x) is the scattering coefficient. By n = n(x) we denote the
outer normal at a boundary point x. We consider an optically thick medium, where the opacity
or the scattering cross section are large and therefore the radiation is conveyed in a diffusive
way. Hence, the scaled equation contain the asymptotic parameter € = 1/((Kyef + Oref)Xref)
which tends to 0.

Finally, the objective functional is of tracking-type,

aq

Fo@i=5 [ o-otdxt 3 [ (@-Q)ax (14)
D D

for a domain D € R? and positive constants o, s and given (desired) states and controls

@(x) and Q(x), respectively.

This work extends recently published results [5, 14] on such optimal control problems (1.1).
Here, we essentially focus on the well-known S Py approximations for (1.3) (see e.g. [9, 8] and
the references therein). We employ techniques from asymptotic analysis to derive approximate
models and adjoints which are more suitable for optimization purposes than the full transport
equation. Essentially, we follow the two common approaches first discretize, then optimize,
or, vice versa, first optimize, then discretize.

Our motivation is two-fold: First, we are interested in a thorough derivation of the SPy
approximations by starting from a discretization of the radiative transfer equations and using
von Neumann’s series to invert the arising matrices of the discrete system. This procedure
parallels the derivation of the SPy approximations in the continuous case and leads to dis-
cretizations of the corresponding diffusion equations, c.f. Section 2.

Second, we apply the adjoint calculus to the RHT equation and use the continuous S Py
approximation procedure to derive the S Py system for the adjoint problem, see Section 3. In
combination with the results of [5, 14] we finally establish the following diagram (Figure 1)
for general tracking-type optimal control problems in radiative transfer.

We collect some references concerning already discussed connections in Figure 1:

e 'Continuous RTE’ — ’S Py approximations’: The continuous S Py approximations for
the continuous RT equation are well-known, see for example [20, 9]. But they can be
only derived in a formal manner due the usage of the von Neumann series for unbounded
operators.

e 'Continuous RTE’ — ’Continuous Adjoints of the RTE’: This connection has been es-
tablished in [5]. The result, which will be used later, is as follows [5, Theorem 1]: Given
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Figure 1: Diagram of the interplay of discrete, adjoint and S Py approximations in radiative
transfer.

a sufficiently regular, bounded domain D € R*3 and ¢, Q € L?(D). Then, there exists
a function A\ € L?(D), such that the necessary and sufficient first-order optimality con-
ditions for (1.1). Moreover, A could be obtained from the formal adjoints to (1.3), i.e.,
A dependents on the solution J to

o

—ew-VI+ (c+k)) = — Jdw + a1 (p(x) — ¢(x)),
47 Sd—1
(1.5)
Jw,x) = 0, n-w>0,
and the following (gradient) equation holds:
a (Q(x) — Q(x)) + /Sd_l Jdx = 0. (1.6)

e 'SPy approximations of RTE’ — 'SPy of adjoints of the RTE’ as been discussed in
[14, 15]. Here, the adjoint calculus was used for the derivation of first- and second-order
optimality conditions for minimization problems constrained by the continuous SPy
system coupled with a nonlinear heat equation.

In this work, we discuss the remaining links, being ’discretized RTE’ — ’discrete S Py,
"discrete SPy’ — ’S Py of continuous RTE’ (both in Section 2) and finally, ’adjoints of RTE’
— 'SPy of adjoints’ (see Section 3).



Remark 1 In general, radiative transfer equations have the form [12, 11]
ew - VI+ (0 + k) = "/ Idw + kB(6). (1.7)
A7 Jga—1

In (1.7), 0 is the temperature, and B(0) is the intensity of the black-body radiation given by
the Stefan-Boltzmann law, compare [11] for further physical details. The equations (1.7) are
solved subject to the boundary condition

[(tw,x) = o(n - w)I(t,0',x) + (1 — o(n-w)) B(6p), n-w<0, (1.8)

where o € [0,1] is the reflectivity: o0 = 1 for total reflection and o = O for Dirichlet type
boundary conditions. The temperature 0y is a fized boundary function, n is the outward normal
on the boundary and w' = w — 2(n - w)n is the specular reflection of w on the boundary.

For the sake of simplicity, we shall consider the radiative transfer model (1.3). Although
we assume several simplifications, these equations are still reasonable in many applications,
e.g. when dealing with a grey medium and if the mean free path of the radiation is small
compared to a characteristic length.

2 Discrete derivation of the SPy approximations

In this section we follow the approach first discretize, then optimize to derive a reduced
order model valid in the diffusive limit on the discrete level. Due to the special, symmetric
structure of the discretizations these can then be directly used for the implementation of the
corresponding discrete adjoints.

Starting from a discretization of the radiative transfer equations, we use Neumann’s series
to invert the matrices of the discrete system and derive a discrete version of the SPy approx-
imations. The procedure closely resembles the derivation of the SPy approximations in the
continuous case and results in valid discretizations of the corresponding diffusion equations.
This substantiates the construction of the continuous SPy equations in the framework of an
asymptotic analysis where Neumann’s series has been formally applied to invert the transport
operator, which contains the unbounded space derivative operator [8] .

The medium is assumed to be optically thick, i.e. x or ¢ are large such that the mean
free path is small. For notational convenience we define the source term

kB = Q. (2.1)
The continuous SP;, SP, and SPs approximations of (1.3) are given, respectively, by
€2 9
—mv ¢+ Kkp = 4Tk B, (2.2)
and
- QWV% + k€ = dnRB, (2.3)
where £ = ¢ + ﬁ(gp — 471 B), and
g2 9
—mv (o +2¢2) + kp = 4Tk B, (2.4a)
—?)E)(igiﬁ)vchg + (0 + K)p2 — %HQO = —% Ak B. (2.4b)



In all cases @ is the mean intensity given by (1.2). For the validity of the SPy approximations
we refer to [9],[8] and [20].

For our analysis we consider the radiative transfer equations in one-dimensional slab ge-
ometry

o [T
epdpl + (o + k) = 2/1 I(W)dy' + kB,

with angular variable u € [—1,+1]. An upwind discretization for the unknown intensities Iy,
on the equidistant grid z = kh, k = 0, ..., K with step size h and an angular discretization
based on a even order quadrature formula with nodes p; < ... < fm <0< fa < ... < up

on the interval [—1,1] with weights w,, is given by

fim >0 o = IE, (2.5a)
Ik — Ik—1m a al
&‘Hmf7 + (0' + K)Ikm - 5 Z wm’Ikm’ + K'Bka (25b)
m/=1
fom <0 T = IE, (2.5¢)
I1m — Ikm g &l
sum’f + (0 + £) Ik = 5 Z Wiy Ty + KBy (2.5d)
m/=1

We investigate asymptotic approximations to these equations in the diffusive limit where the
asymptotic parameter ¢ tends to 0.

In matrix-vector form the linear systems for vectors Ip, = (Ipm)k=o0,.. Kk read
el ko U
fim > 02 (1d + ?;Dm)[m = ﬁ(ﬂ Z Wit It + b)) = Cpm,s
m/=1
"o - _ IX; .
-1 1 By
Dy, =Dy = -1 1 y b = :B_’—RTLn
R Bk
i -1 1] | Bk |
&t Koo
fim < 0 : (Id + R;L" Do) I = — (- Zl Wy Lyt 4 bin) = €
m'=
1 —1 i [ By ]
By
Dy, =Dy = 1 =1 y b = :B_’—RTIEL
1 -1 B 1
i 0 | Iy

where we set K = o + k for notational convenience. The boundary conditions introduce
perturbations RL = (I% — By,0,...,0)" and RE = (0, ...,0, I — Bg)" of the right hand side
B. When ¢ is sufficiently small, i.e. ¢ < kh, then the spectral radius of ‘gl,f:—,’l”‘Dm is less than
1 and Neumann’s series can be applied to solve for I,,.



Remark 2 Hence we have the condition e = O(h) for the applicability of the first step in the
deriwation of the SPn equations. This reflects the fact that the onesided differences above dis-
cretize the unbounded space derivative operator, and the norms of the corresponding matrices
grow with order O(1/h) as h tends to zero.

From the Neumann series representation of the intensity

= (1a+ Wl p ),

=h

€l ptm| Elim| 4 2 Elm| 4 3
Id — D,, D)2 — (2Emip B e,
(d ih + (g Pm)™ = (5 Pm) )C

we compute the mean intensity ¢ = (¢r)k=0,. K

_2772 Id+€|“m|Dm) Cm

c D?c
= 2 (3 wmem — o 2wl | = Do _ZZwmufn%i...)
m

2H+63hH+ ) %o+ 4rB)+ R
3r2 2R3 A

(Id + —hHl +

In R we collect the contributions of boundary terms. Here, odd and even order matrices are
defined via

M

D2n—1 2n+1 on D21

Hop1=—n g wm|,um]2n 1 fan Hy, = E W 12 h;"
m=1

(the detailed form can be found in appendix A).

Remark 3 It may be observed that Hy, Hy, etc. are O(h?) consistent approzimations to the
second, fourth and higher even space derivatives, respectively. However, since they are based
on onesided differences, their stencil is twice as large as corresponding stencils of standard
finite difference approzimations. Moreover, it can be verified that also the matrices H1, Hs,
etc. are second order approrimations to even space derivatives of increasing order. In this
form the expansion for the flux strongly resembles the continuous flux equation. However, in
the discrete case the odd order sums do not vanish as the continuous integrals do. Instead
there remain terms of order h; but these terms can be made arbitrarily small by choosing the
grid size appropriately.

We proceed by inverting the operator on the right using Neumann’s series once more. This,
in turn, is justified by the following argument. In the maximum norm we have |D,,| = 2,
and hence, by choosing € such that ¢ = % < 1, we can show the uniform boundedness with



respect to e of the matrix series:

HZ LS (el < Z”“Z (Eltmlyry e
Zn—i—l 2E Zwm‘ﬂm’
an < 00

Then the Neumann series
2

K, O g €
A B [Id— <th S Hot ...
—(C¢+4nB) = 5= H1+ 5= Ho +
€ 2 2
( _hH + o Hy +>
&2 3
( hH1+32H +) j:...}(go—R)
eventually yields the sought-for asymptotic expansion
K K € g2 h? ~
By B:[———hH ( H H) } R. 2.7
R T = A RS A L 27)

2.1 The discrete SP, approximation

When we keep only terms up to second order in e, the asymptotic expansion (2.7) suggests
the following approximation to the radiative transfer equations
2 ch c2h2
—47rB = —go - 3—H2<p + ——ngo-i- 152
This system is no standard discretization of the continuous SP; equation, but it is nevertheless
consistent up to second order in h with this PDE. For points zj in the interior of the domain
which are sufficiently far from the boundary such that perturbations owing to boundary values
can be neglected, we have

——Hip| +0(%). (2.8)

7
(Hap)r = Dopr + ﬁhQ‘a;LSOk +O(h%)
and, furthermore,
1
(Hip)r = Oapn + ﬁh23§90k +O0(h*)
1
(H )k = 0o + ch*Ofor + O(hY),
(see appendix A) such that the approximation above is consistent to
2

3(c + k)

Remark 4 Up to additional terms of order eh this limit equation coincides with the SP;
equation. Since the underlying asymptotic expansion is only valid when ¢ < Ch, the discrep-
ancy is at most of order h?, which is comparable with the consistency error of standard finite
difference approximations of the equation using e.g. central differences.

kAT By = kg, — 2o + O(eh) + O(3). (2.9)



2.2 The discrete SP, approximation

For the SP, approximation we consider terms up to fourth order in expansion (2.7)

FaB =" S oy e
gﬂ' —%SO—Sf 20 — 5l 490—|—94 5P
ch e2h? e3h e3h
+ [—;chﬁ o Hiv = g Hae + 55 Hilhg (2.10)
373 42 cApd
e°h h h
_ﬁH +TH1H390+ 16% 4H190] +O(e )

Since Hyp = H22g0 + O(h?), we replace Hy in the equation above. Furthermore, we can use
(2.8) to express H2¢p in terms of Hap

2 2
e e = 1o o)
eh e2h?
_HQ( (o — 47rB)——H1<p+ S Hlp+ 0 ))
which leads to the equation
“4rB == 52H(+4( 47 B))
—4rB =—p — = 4
R TR N T
eh e2h? e3h e3h
+ [—THNPJF 1n — Hip— in 3H3<P+6 sHi1Hap
JETR: 472 cAp4
787H1 v+ o= 4H1H3<P+12 L HYHyp| 4 O(<).

This expression can be rewritten by introducing the variable £ = ¢ + E(¢ —4nB):

R+ 4
k4w B =k€ — g2 ok +_ KHzf
15k
1 h 2
+ch|—SHi+ —H} — 5 Hy
g2 e2h? e3h e3h3 (2.11)
* gt =g MVt sty + 10 o i)
Y 4K
4 B) O(%).
<5R+4f<;€+5/%+4/1 B ) +0(e)

Remark 5 Up to O(eh) this is a discretization of the continuous SPy equation. As in the
SPy case above, since the asymptotics is only valid when € < Ch, the discrete system is second
order consistent.



2.3 The discrete SP; approximation

The SP3 approximation is derived from expansion (2.7) by skipping terms of order seven.

2 4 4

K K [9)
—4rB =—p — — Hap — 5d H490 + ey HQQO
6 6 6

K K 3r2
157 T et = A t2®

e’h

4h4 5h3 6h 67,3
—H H- H H
1672 fo+ 6 1 20 + g0 12

5h5 h6
L Ho+ ——HYp| + O(7).

- 32m5 1 6456

Using the relations Hyp = H3p + O(h?) and Hgp = Hip+ O(h?), which are valid in the grid
interior, we can rewrite the equation

K K g2 4e4 44¢e
“47B =—¢ — —=Hop — ——H? H O(eh) + O
—ATB = — oty — gy — o Hyw + O(eh) + Ofe ")
" €2H_Id+42H+4 1]+ O(eh) + O(E")
BT 15722 RE prEE
o < g, Id+2(1d+ HQ) 267 H2]go+0(eh)+0( ) (2.13a)
R 3R? 21R2 15R2
2
K € 112 ~1 2¢2
Lo | ld+2(1d — S HE) |+ O(eh) + O
PARET Rl sz l2)  Tgrzfl2|e+OEN) +O(E)
K €2 7
=—¢ — 5 Ha(p + 2p2) + O(eh) + O(g").
R 3K
Here, the variable 9 is defined via an additional equation
11e? 2e2 2/ g2
_ H? = H ( H )
oz 22 TP = e e = Bl e

From the expansion above we may also conclude that the right side of the auxiliary equation
can be modified according to

g2 K 2¢?
—Hyp=—(p—4nB) — — H.
sra 2 = Z(p —4nB) — o5 Hapa + O(eh),
and therefore the equation is equivalent to
0 b= 2 (kg — AnkB) + O(ch) (2.13b)



Remark 6 Equations (2.13a) and (2.13b) can be regarded as discretizations of the continuous
SP5 equations up to terms of O(eh) in the interior of the domain. As before, they are second
order consistent with respect to the grid size h.

3 SPy approximations for the Adjoint Radiative Transfer Equa-
tion

In this section we follow the approach first optimize, then discretize and discuss the remaining
link, namely, deriving formally the SPy approximations for the adjoint radiative transfer
equation in R3. As discussed in Section 1 and [5], the adjoint equations for the (continuous)
optimal control problem (1.1) can be obtained by equation (1.5).

In order to apply the S Py approximations to (1.5) we consider an optically thick medium,
where the opacity x is large and therefore the radiation is conveyed in a diffusive way. Hence,
we consider the rescaled equation for small value of € = 1/((Kpef + Opef)Xref):

—ewVI+ (0 + k) = (0 + k)G, (3.1)
for some function
Gx) = 2 (p(x) = ¢(x)) + m /S Jdw. (3.2)

As for the radiative transfer equation, Neumann’s series is applied to formally compute the
inverse of the transport operator:

(1— £ w-V)l—ign(w-V)”. (3.3)

o+ K = (o+r)"

Now, integrating (3.1) over w and using (3.3) yields

52 54 56
= Jdw=dr(1+ 7Vt —— VIt —— VO G+ 0O (34
v 53 . 7r( Jr3(o+/<c)2 +5(a+f<;)4 +7(U+,€)6 +0()  (34)
This yields the following asymptotic expansion for the variable v,
g2 4e? 44¢6
L=V v - V8 ) g+ 0 3.5
< 3(0 + k)2 45(0 + K)* 945(0 + k)© ) ¥+ 0, (3.5)

and finally the SPy, N = 1,2,3 by neglecting terms of order O(c*), O(£%) and O(®), respec-
tively.

Summarizing, the SP; approximation for the adjoint equation (3.1) in the case of a opti-
cally thick medium is given by

g2 47 o

Vo sVl T gy () — R + (36)
or equivalently
2
W 3 VY = Ao (px) — (). (37)



for the mean intensity ¢ := [ Jdw. Similarly, the SP, and SPs approximations are given by
9 90 + 9K

J— 8 e —
15(c + k)

where £ = ¢ + ﬁ (¢ — 47t (p(x) — @(x))) , and

82

K& V2€ = dman (p(x) — (%)), (3.8)

- V? o) =4 — @ .

S TP A (¢ + 2¢h2) = dma (p(x) — ¢(x)), (3.9)
9e? 9 2 2

S _lkp=—214 — 3 1

(0 W)~ eV e = =S dman (¢~ @), (310
respectively.
Moreover, for any S Py approximation, the optimality condition (1.6) reads,

0 (Q(x) — QX))+ =0, (3.11)

where 1 is the mean intensity given by the S Py approximations.

Remark 7 Similarly to [14], let us now consider the optimal control problem subject to the
(forward) SPy approzimation of the radiative transfer equation, i.e.,

2

min Fsp(¢, q) subject to ko — ﬁV%ﬁ = q(x). (3.12)
Then, the first-order optimality conditions for (3.12) for Fsp,
Fsp(¢,q) = F(¢,q/4m), (3.13)
state ¢, control q and adjoint variable A are
g2 9
Ko — mv ¢ = q(x),

52 2\ -
H)\—mv )\—041(¢_¢)7

Ozg(q—(j)-l-/\:o.

Obviously, the adjoint and gradient equation of above coincide with (3.11) and (3.6) for the
rescaled control 4w(Q) = q and Lagrange multiplier 1 = X. Moreover, a similar discussion
holds true for the SPy and SP3 equations. For theoretical results on the optimality system we

refer to [14).

The previous remark and the previous discussion show that — figuratively speaking —
deriving the adjoint equations commutes with constructing the SPy approximations.

4 Conclusions

The overall performance of optimization algorithms in radiative transfer relies crucially on
the number of degrees of freedom, which is general large due to the angular and frequency
dependence of the radiative intensity. Here, we used asymptotic methods in the diffusive
regime to reduce the discrete phase space. Future work will focus on moment methods
yielding approximate optimization problems via maximum entropy closures.
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A Matrices used in the expansions

Odd and even order matrices in the asymptotic expansions are defined according to equation
(2.6)

M 2n—1
2n—1 = —1N wm|/«5m| h2n
m=1

B D2n—1 B D2_n—1
- —n Z wm‘ﬂm’2n 14+ —-n Z wm|ﬂm‘2n 1 7

>0 h2n <0 h2n
Hm Hm
and
M
on+1 D2
on+1 D2 op+1 D2
= 9 Z wm,u?# h;;L + 9 Z wm,u%? h2n
pm >0 pm <0

Here, we assume for simplicity that we use a quadrature which is exact up to sufficiently high
order not only on the whole interval [—1, 1] but also on the positive and negative subinterval.
This may be achieved e.g. by using double Gaussian quadrature, which is known to be optimal
the realm of radiative transport in slab geometry [22]. But also even order Gauss quadrature,
where points are symmetric around 0, has this property. When using a quadrature that does
not fulfill the assumption we have to take additional terms due to quadrature errors into
account.
Then the first matrix can be immediately written down

and for points z, £k = 1,..., K — 1 we find the standard central difference discretization for
the second derivative
1

1
(Hip)k = ﬁ(%—l — 205 + ry1) = Door + Ehzaﬁw +O(hY). (A.1)

12



The matrix H? therefore should correspond to the fourth derivative, and in fact

[2 -3 1 i
-3 6 —4 1
) 1 -4 6 -4 1
H12 == h4 I

1 -4 6 -3

such that for k =2,..., K — 2
1
(Hio), = ﬁ(%—z — 4pp—1 + 60 + —4pp11 + Prt2)

1
= 0%or + —h208, + O(hY).

6
The second matrix is the five-band matrix
1 -2 1 i
-1 2 -2 1
1 -2 2 -2 1
1
2 27h2 )

(A.2)

which represents a non-standard five-point stencil discretization of the second derivative at

interior points with £ =2,..., K — 2
1
(Hop)k = 535 (Ph—2 = 201 + 20k + —20k+1 + 9hs2)
7
= 02pp + ﬁh28§g0k + O(hY).

For the SP, approximation we compare Hy and H2. We have

. -
. 1 46 —4 2 —4 6 -4 1
Hi = — . .
4 2h4 . . )
1 46 —4 2 —4 6 -4 1
L * -
and ~ -
*
1 4 8 —-12 14 -12 8 —4 1
2_ 1 .
1 -4 8 —-12 14 —-12 8 —4 1
L *

13
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such that for k =4,.... K — 4
4 37 96 4
7
(H3 @)1, = Opepr + ghzags% +O(hY). (A.5)

The matrices Hg and Hj have to be additionally considered to analyse the SPs approxi-
mation. They have the form

*
1 -6 15 =20 15 -6 2 -6 15 —-20 15 -6 1
I 1
6 — 2h6 t. c. bl
1 -6 15 =20 15 -6 2 -6 15 —-20 15 -6 1
. * -
and
-, -
. 1 -6 18 —-38 63 -84 92 -84 63 —-38 18 -6 1
3 _
2 W t. °. 9
1 -6 18 —-38 63 —84 92 -8 63 —-38 18 —6 1
- * -
such that for k =6,..., K — 6
6 19 5.8 4
(Hop)r = Ozpr + 0" Oppr + O(h7), and (A.6)
7
(H3)p = OS¢y + Zh28§¢k +O(hY). (A7)

We finally note that D4 and D_ almost commute in the sense that (D D_p); = (D_D1@)
for all indices except the first and last. This can be carried over to the matrices H,,, which
fulfill the corresponding relations (H,Hyp)r = (HeHpp)k-

References

[1] V. 1. Agoshkov, C. Bardos, Optimal Control Approach in Inverse Radiative Heat Transfer Prob-
lems: The Problem of the Boundary Function, 5, ESAIM: Control Optimisation and Calculus of
Variations, pp. 259-278, (2000)

[2] J. M. Banoczi, C. T. Kelley, A Fast Multilevel Algorithm for the Solution of Nonlinear Systems of
Conductive-Radiative Heat Transfer Equations in Two Space Dimensions, 20, SIAM J. Sci. Comp.,
pp. 1214-1228, (1999)

[3] M. K. Choudhary and N. T. Huff. Mathematical modeling in the glass industry: An overview of
status and needs. Glastech. Ber. Glass Sci. Technol., 70:363-370, 1997.

14



[4] M. Frank, M. Schéfer and R. Pinnau. A Hierarchy of Approximations to the Radiative Heat
Transfer Equations: Modelling, Analysis and Simulation. M3AS, 15:643-665, 2006.

[5] M. Herty, R. Pinnau, M. Seaid, On Optimal Control Problems in Radiative Transfer, preprint,
2005

[6] M. T. Laitinen and T. Tiihonen, Integro-differential equation modelling heat transfer in conduction,
radiating and semitransparent materials, Mathematical Methods in Applied Sciences, 21, pp 375,
1998

[7] C. T. Kelley, Fzistence and uniqueness of solutions of nonlinear systems of conductive-radiative
heat transfer equations, Trans. Theory and Statistical Physics, 25, pp. 249-260, (1996)

[8] E.-W. Larsen, G. Thémmes, A. Klar, M. Seaid, and T. Gotz. Simplified P,, approzimations to the
equations of radiative heat transfer in glass. J. Comp. Phys., 183:652-675, 2002.

[9] D. Levermore. Moment closure hierarchies for kinetic theories. J. Stat. Phys., 83, 1996.

[10] S. Manservisi, K. Heusermann, On some optimal control problems for the heat radiative transfer
equation, 5, ESAIM: Control, Optimisation and Calculus of Variations, pp 425-444, (2000)

[11] D.Mihalas and B. S. Mihalas, Foundations of Radiation Hydrodynamics. Oxford University Press,
New York, 1983.

[12] M.F.Modest, Radiative Heat Transfer. McGraw-Hill, 1993.

[13] S. Pereverzyev, R. Pinnau and N. Siedow. Regularized Fized Point Iterations for Nonlinear Inverse
Problems. Inverse Problems 22, 1-22 (2006)

[14] R. Pinnau, Analysis of Optimal Boundary Control For Radiative Heal Transfer Modelled by the
S P, System, preprint 2005.

[15] R. Pinnau, A. Schulze. Newton’s Method for Optimal Temperature-Tracking of Glass Cooling
Processes. to appear in IPSE, 2006.

[16] R. Pinnau and G. Thémmes. Optimal boundary control of glass cooling processes.  M2AS,
120:1261, 2004.

[17] M. Seaid and A. Klar, Efficient Preconditioning of Linear Systems Arising from the Discretization
of Radiative Transfer Equation, Lecture Notes in Computational Science and Engineering, 35, pp
211-236, 2003

[18] M. Seaid, M. Frank, A. Klar, R. Pinnau and G. Thommes, Efficient Numerical Methods for
Radiation in Gas Turbines, J. Comp. Applied Math., 170, pp 217-239, 2004

[19] M. Seaid, A. Klar and R. Pinnau, Numerical Solvers for Radiation and Conduction in High
Temperature Gas Flows, Flow, Turbulence and Combustion, 3, pp 413-432, 2005

[20] G. Thommes, Radiative Heat Transfer Equations for Glass Cooling Problems: Analysis and Nu-
merics, PhD Thesis, 2002.

[21] G. Thommes, R. Pinnau, M. Seaid, T. G6tz, and A. Klar. Numerical methods and optimal control
for glass cooling processes. TTSP, 31(4-6):513-529, 2002.

[22] J. Pitkarénta, L. R. Scott, Error estimates for the combined spatial and angular approzimations
of the transport equation for slab geometry, SIAM J. Numer. Anal., 20(5):922-950, 1983

15



