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Abstract: We derive some asymptotics for a new approach to curve estimation proposed
by Mrazek et al. [3] which combines localization and regularization. This methodology has
been considered as the basis of a unified framework covering various different smoothing
methods in the analogous two-dimensional problem of image denoising. As a first step for
understanding this approach theoretically, we restrict our discussion here to the least-squares
where we have explicit formulas for the function estimates and where we can derive a rather
complete asymptotic theory from known results for the Priestley-Chao curve estimate.



1 Introduction

We consider data generated from the nonparametric regression model

f]:M($])+€],j:1,,N, (].)
where €1, ...,y are independent and identically distributed with mean 0 and finite variance
o? and x; = £,j7 =1,...,N, form an equidistant grid on the unit interval [0, 1]. Mrazek

et al. [3] have described a general approach for image denoising which, by combining local-
ization and regularization, includes most of the known image denoising algorithms like local
smoothing or nonlinear diffusion filtering. Estimating the function p(z) at the grid points
x1,...,xy from the data fi,..., fy generated by (1) is the one-dimensional analogon of the
image denoising problem. Mrézek et al. [3] propose to solve this problem by minimizing a
target function like

N N
A
QW) = Y~ Upllui — fiPhwpllas — i) + 5 ¥ Wsllus — wyuws(|i — a,)
ij=1 ij=1
wrt. u= (ug,...,uy)’.
Let u(z) denote the function estimate of p(x) which we first consider only at xq,...,zx.
Up, Ug are penalizing functions measuring the fit of u(x) to the observations fi, ..., fy and

the smoothness of u(x) resp. The spatial weighting functions wp,ws guarantee a local-
ization effect, and A > 0 balances between fit and smoothness. To get some first insight
into the asymptotic properties of the resulting estimates uy, ..., uy for p(zy),..., u(xy), we
investigate the following special case:
2 2 2 2 2 1 o 2 J
Up(s®) =57 Vs(s®) = s, wp(z?) = Kp(z) = EK(E)’ wg(x”) = Ly(z) = EL(E)

where the kernels K and L are nonnegative, symmetric functions on R and the bandwidths
h,g > 0 can be chosen to control the smoothness of the function estimate together with the
balancing factor A\. Therefore, we consider minimizing

Q) = S (s — K — )+ 5 D (s — Ly = ). ©)

We call the resulting estimate u a reqularized local least-squares estimate.

For A\ = 0, we immediately get from %Q(u) =0,7=1,...,N, that v; = f(x;,h), i =
1,..., N, where i(z, h) is the classical Nadaraya-Watson kernel regression estimate (compare,

e.g., Hardle [2])

a(x, h) = Z% with (3)

N N

N 1 R 1

a(x,h) = N g fiKn(x —x;), pr(z,h)= N g Ky (z — z;).
=1 =1

As pg(x, h) converges to 1 for the equidistant z;, the Nadaraya-Watson estimate fi(x, h) and
the Priestley-Chao estimate ji(x, h) are asymptotically equivalent.



2 Asymptotic expansion

The main goal of this section is to show that the regularized local least-squares estimate,
which we get by minimizing (2), is closely related asymptotically for N — oo to the simple
Priestley-Chao estimate (Priestley and Chao, [4]) with bandwidth h where, however, the
regularization parameter A provides an additional tool for fine tuning the properties of the
estimate. As a first step, we show that the solution of (2) has an explicit representation in
terms of the Priestley-Chao estimate. For convenience, we use the following notation for the
values of this estimate at the grid points x;,i =1,..., N:

= (fir,....pn)"  with ; = fu(x;,h), i=1,...,N.

Proposition 1 Let pr(x,g) be defined analogously to px(z, h) with L, g replacing K, h, and
let pa(x, h,g) = pr(x,h) + Apr(x,g). Let A denote the N x N-matriz with entries A; ; =
%Lg(xi —ij), and let P denote the N x N-diagonal matriz with entries Py = px(x;, h, g).
Then, if P — XA is invertible, the solution of (2) is given as

u={P - M\}"'5 (4)
Proof: Setting the partial derivatives of Q(u) w.r.t. ug, k=1,..., N, to 0, we get
N N
0=2 (up— f)Kn(wr — 2;) + 20 (e — ;) Ly(wp — ), k=1,..., N,
7j=1 7j=1
where we have used the symmetry of L,. Therefore, we have for k =1,..., N,

up, {Z Kn(wp = 25) + XY Ly(ay — %‘)}

N N
=AY uiLy(w, —w) + > fin(w — ;)
Jj=1 Jj=1
which, using the definition of pg,p; and i, implies the assertion. [ ]

Now, we want to prove that the estimate u, given by (4), is consistent in a certain sense if
N — oo. First, we investigate px(x, h). If the z; would be i.i.d. random variables, then py
would be the well-known Rosenblatt-Parzen estimate of their common probability density
(compare, e.g., Silverman, [6]). In our case, x1,...,xy are equidistant and behave similar to
uniform random variables, i.e. in particular pg(x,h) — 1 under appropriate assumptions.
We assume

(A1) a) K is a nonnegative, symmetric kernel function with compact support [—1, +1].

b) [K(y)dy =1
¢) K is Lipschitz continuous with Lipschitz constant C.

We could relax the assumptions of symmetry and compactness of the support of K, but we
want to keep our arguments simple in this paper. Due to the same reason, we mainly neglect
boundary effects, which could be dealt with as in section 4.4 of Hérdle [2], by restricting our
attention to x € [h,1 — h]. Asymptotically, this will have no effect as we shall have h — 0
for N — oo anyhow. In the following, we will frequently approximate a Riemann sum by
the corresponding integral. For reference, we, therefore, state the following Lemma:
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Lemma 1 Let g(y) be Lipschitz continuous on [0, 1] with Lipschitz constant C. Then,

C
<
- N

’/ dy——zg%

Proof: By the mean-value theorem of integration there are y; € [x;_1, ], j =
where x¢ = 0, such that, using x; — z;_1 = % for all j,

]/ dy——zg% - i_v;{/:lgw)dy—ﬁg(%)}'
- i{g@i) oy
< %éqyj—%lé%

As an immediate consequence, we have with g(y) = Ky(z —y) :

Corollary 1 Assuming (A1) for the kernel K, we have

|1 _ﬁK(xv h)l < CK

1
N for all x€[h,1—hl.

As a next step, we investigate the asymptotic behaviour of fi as an estimate of (u(z1), . ..

We assume

(A2) a) uis twice continuously differentiable

()t

b) 1 (x) is Hoelder continuous on [0, 1] with exponent 3, i.e. for some 8 > 0, H < 0o

1" () — p"(2)] < Hlz — y|? for all 2,y € [0, 1]

The following asymptotic expansions for bias and variance of the Priestley-Chao estimate is
well known. We only use assumption (A2b) to get a slightly more precise assertion about the
remainder of the bias which will turn out to be useful later on, and we add a more detailed

statement about the asymptotic covariance of estimates at different locations.

Proposition 2 Assuming (A1) and (A2), we have for the Priestley-Chao estimate ji(x,h),

based on (1), for N — oo, h — 0 such that Nh* — oo :

i) bias f1i; = E f1; — p(x;) = L p" (2)Vic + (x4, h) + O(55z) uniformly in x; €
where

Vi = /ZQK(Z)dZ
and the main remainder term is

vz, h) = %2 / K (2)2{)"(x — 0hz) — p(2)}dz = O(h2+9)

uniformly in x.

[h,1 — hl,

T



i) var fi; = B(fi; — B f1;)* = NhQK + O(5475) uniformly in x; € [h,1 — h], where

QK—/K2

iii) mse fi; = B(fi; — p(2:))? = 2-Qp + {1 (2:) PV + O(h2°) + O(5r) uniformly in
€ [h,1 — h]. In particular,

f; — p(z;) — 0 in probability.
i) cov (fu, fix) = 0 zf |z; — Sl}kl > 2h, and
cov (fis, fix) = 77 fK z+m“mk)dz+0(N%hg) uniformly in x;, vy, € [h,1—h], else.

If 1 does not satisfy the smoothness condition (A2) everywhere, then Proposition 1 still
holds in every subinterval [a, b] C [0, 1] where (A2) is satisfied, as is obvious from the proof.
So, if g jumps in x*, but otherwise is smooth enough, the assertions of the Proposition hold
uniformly in z;, zy € [h,2* — h] U [z* + h,1 — h].

Proof:

a) We use the common decomposition of mean-squared error into variance and squared
bias
mse fi; = B(ji(x;, h) — pu(x;))? = var fi(z;, h) + {bias ji(x;, h)}>
We have uniformly in z € [h, 1 — A

var ji(x,h) = v ZKh ) var f;
= K? dy + O !
= N n(x —y)dy + (W>

UQ/KQ( )V + O(——)
NI )4z N

using Lemma 1 with g(y) K?(z—y). Moreover, using Lemma 1 with ¢(y) = Kj,(z—y),

biss (k) = B Ale, h) — ()
= _ZKhx_% (z5) — p(x)

2.2
_ /K —h2)de /K s (x—ﬁhz)dz+O(Nh2)

- 2u<>/ 2K (2 )dz+r(xh)+O(N1hz)

again uniformly in x € [h, 1 —h]. We have used Assumption (A2) together with a Taylor
expansion of m and symmetry of K. Combining the bias and variance expansion, we
get for N — oo, h — 0, Nh? — oo
= T+ )PV 4+ O 4 Ot
mse fl; = — —
M= N T\ K N2k



b) Analogously to a), we conclude using the independence of the f;.
cov(f(x, h), (A(a’, h)) = ZKh r— ;) Ky(z' — ;)

1
_ Nh/K i )dz+O(N2h3)

By compactness of the support of K, we have for |x — | > 2h that K}, (z —z;) K (2 —
xj) = 0 and, therefore, cov (fi(z, h), i(z', h)) = 0.

We need the following generalization of Corollary 1 which takes care of the boundary effects:

Corollary 2 Assuming (A1) and, additionally, (A1°): K decreasing in [0,1] and K(1) =0
we have

i) |1 —pr(x,h)| SC’Kﬁ forh<x<1-h
it) min{3,1 — 1Cx(1 — £)?} — Cx77s

< pr(z,h) <1+ Ck - 5 for0<az <h
i) min{1 1 — L0k (1 — 1522} — Crsty < pre(a,h) <1+ Ok - 5 for 1 —h <z <1

Proof: i) follows from Corollary 1. By Lemma 1, we have for 0 <z < h :

1
— —_E <
|/ Kh{L' dy Kh | CK Nh2

11—z T
Now, fol Kp(z—y)dy = fﬁ? K(z)dz =1— " K(z)dz = 1—f%1 K (z)dz using the symmetry

of K. By symmetry and nonnegativity of K, the right-hand side is in [5,1]. As K(1) = 0
and K is Lipschitz continuous, K(z) < Ck(1 —z) for 0 < z <1, i.e.
1 1 1 .
Kp(x —y)dy > 1 — C’K/ (1—-2)dz=1- C’K§(1 - E)2
0 R
ii) follows. iii) can be shown analogously. n

Proposition 2 describes the asymptotic behaviour of i which is related to the final estimate
u by (4). To get the asymptotic properties of u, we have to investigate the matrix factor of
(4). For A — 0 with N — oo, we have

{P—XA}' = {I—XP A}y IP
{I+XPIAYPH+ O\ (PTHA)2PTY)).
As, by Corollary 2, pr(z;, h, g) = ij is bounded away from 0 uniformly in j for large enough

N, the remainder term is of order O(A\?||A?|]). Now, be definition of A, we have for each unit
vector e, € RN, k=1,..., N,



A%l = )

uniformly in k& by Lemma 1. Let y = (y1,. .. ,yN)T € RY be arbitrary with ||y|| = 1. Then

IA%YI < D Jul [1A%e4]] < O(—= Zlykl < O( —)Ilyll
k

ﬁ
ﬁ

We conclude ||A?]| = O(ﬁ) for the operator norm of A?. Therefore, we finally have

R R R 22
u=<P 14+ AP AP+ 0O }ﬂ
{ ()

or, coordinatewise, as fi; is stochastically bounded by Proposition 2 and Chebyshev’s in-
equality uniformly in {i;z; € [h,1 — h]}

1 A2
- i h) + A= (xi h) e+ 0, (——). 5
p,\(xz‘,h,g){ Z PA $],h q) ,u ’ )} p(ng) )

We now neglect the boundary and consider only x; with

U; =

max(h,g) + g < x; <1 —max(h,g) — g. (6)

Then, as L, has support [—g, g], we have max(h,g) < z; < 1 —max(h,g) for all j corre-
sponding to the nonvanishing terms in the sum on the right-hand side of (5). Therefore, for
all those j, we have by Corollary 1

1

11 = pr(x;,h)| < Ck — pr(z), 9)] <Ciys

1
e 11

As, by Corollary 2, pg, pr, are uniformly bounded from below by a positive constant for NV
large enough, we have uniformly for all those j

1 1
ﬁ)\(xjahag) 1+)\

S 5]\[ with



1 A

on= O O(—).
v = Ol + Ol
As this holds in particular for 7 =i, we have from (5)
= A ) o Ll — )t by Ry 7
R TN R V-t Ni

1 A
= _— [ h (0 h *‘
1+>\{M(x“ ) e ’g)}JrRN’Z

where the remainder term R} ; is O( F) + O,(0x) uniformly in all ¢ satisfying (6). As we
already know the asymptotic behaviour of fi, we have to investigate

ﬂ2($ahag) = _ZL $]7h)

= mZLg(I—SL’j)Kh(l’j—iUl)fz
4l
— nyl(x,h,g)fz+ﬂ($ah)
I

with ]

Yi(z, h,g) N2ZL (x — ;) Kp(x; —xl)—NKh(x—xl).
Analogously to Lemma A2 of Franke and Hérdle [1], we have
Lemma 2

Yz, h,g) = O(#) uniformly in h+g<x<1—(h+yg)

Yi(x, h,g) = 0 if lv — x| >h+g

Proposition 3 Assume (A1), (A2), (A1°). Then, if 7 — 0 for N — oo, h — 0
. g9

i) var (;w, h,g) fi) = O(575)

it)  Nh var fis(z, h,g) = Nh var a(x,h) + o(1)

111) \/—E Z%xhgfl thxhg = V'Nh bias ji(x, h) + o(1)

uniformly in h+g <z <1—(h+g).

Proof: As in the proof of (A7) of Franke and Hérdle [1] we get, using Lemma 2,

2
Nh V&I’(; le(xv h7 g)fl) =Nh E(; ’)/l(flj, h,g)él)Z S C %

for some constant ¢ > 0. i) follows. As, by Proposition 2, the variance of fi(z, h) is of order
+7 and as £ — 0, fi(x, h) is the dominant term in the definition of fis(x, h, g), and ii) follows
from 1). iii) can be shown as in the proof of Theorem 1, part d) of Franke and Hérdle [1]. m
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From (7), we get,

1 R A

- a Jrl)\)Z {(1 + 2N a(zi h) + A E Z’Yl(%h’ g)fl} + Ry
I

with remainder term Ry, = Ry, + O (%\/L—) as by Proposition 3, i),

g
Z% rihg)fi— B wlwihg)f (——) (8)
z h /N
Using Proposition 3, iii), we get
1 N
= (1 200l ) A bias (i)} + R )

with Ry, = Ry, + Aoy ( \/N—h) We summarize this to the main result of this section:

Theorem 2.1 Let (A1), (A2), (A1’) hold. Then, for N — oo, h — 0,9 — 0, A — 0, such
that . )

g 5(9 A

J Np3 [ 2 N
n Y <h) T g

we have uniformly for all i satisfying (6)

1)
1

1 . -
u; = 7)2{(1 + 2\)fi(w;, ) + X bias  fu(z;, h th)

(14 A + Oy

)} + ol 2=)

bias u; = FE u; — u(x;)
(1+3\)h* , A2 A 1

= e g Vi = () + O0F) + ol ) + 057)
iii)
var u; = E(y Euz)2
(14202 0 A 1
SN NhQK“(Nh) Vo
i)

mse u; = E (u; — p(;))?

= (e BV~ g (e ) + R

1102 2 (1+X)? (L+A)* Nh
NS AE S



Proof: i) follows from looking at the components of the remainder term of (9) and applying
our assumptions on the rates of g/h and X\. Then, Ry ; is of order op(\/—) +0 (NhQ) as all
other terms are of smaller order. From i) we get

1+3x . . 142\ A 1
B —p(r;) = A+ bias fi(x;, h) + mﬂ(l’i) — () + O(M) + O(th)
143\ A? A 1
— "% biasilz h) — — 2 (s AN -
1+3\ B? , A2 A 1
= - i)WV — k(e i h
Ao 2 F @V = gopeele) + e h) + o) + 0 s)
with r(z;, h) = O(h?**P) by Proposition 2 i).
As the bias of (fi(x;, h)) is not random and using
1
A.lei,h—EA .CL’Z',h =0)(———
i ) = Ej(as. 1) = Oy )
by Proposition 2, we have
(14 2X) X 1 A 1
var u; = -————— var ji(z;,h)+ O 0 + O
ey e h) (\/Nh)( Vit (32)
(14222 02 1 A 1
SN NhQK+O<N2h3> )OS
(14232 0 A 1
by Proposition 2 ii) and using Nh — oo.
Finally, we get, using the abbreviations Q = 0?Qg, M; = " (2;)Vic, 1 = p(a;)
mse u; = var u; + (bias u;)?
(1+2))? Q 1 ) 2\
Tt vh T @y (M3 —pd™ |+ Ay
with remainder
A 1
Av = o2
+O(h*F) + of s )+ O( ! ) + O(Nh*F) + of : )+ O( X )
0 — 0
VNh N VNh Nh?
= o(=— ! ) + O(h**7) + of al ) + ONR*T7) + of oY )
Nh Nh VINh
using A — 0, Nh* — 00, A\? = o(h) which follows from our rate assumptions. |
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3 Applications

Once we have the asymptotic equivalence of the regularized least-squares estimate and the
shifted Priestley-Chao estimate given by Theorem 2.1 i), we can exploit it to answer var-
ious questions showing up in the practice of curve estimation or, analogously, in the two-
dimensional case of image denoising. As an illustration, we discuss here how to choose the
order of the tuning parameters h, A optimally for getting a small mean-squared estimation
error, and we derive the asymptotic distribution of the function estimate which allows to
quantify the reliability of the estimate or to test if the observed data are a noisy version of
a given curve resp. image /.

First, we use the asymptotic error expansion of Theorem 2.1 iv) for deriving the asymp-
totically optimal rates for regularization parameter A and smoothing parameter h and the
corresponding optimal rates for the mean-squared error.

Corollary 3 Under the assumptions of Theorem 2.1, let " (x;), u(x;) # 0. Then, the mean-
squared error is asymptotically minimized for

a)

A
h = cN ™5+ for some ¢ > 0, E—>I/i>0 for N — oo,

if $Vip"(z;)/p(x;) = v2 > 0; in this case, for some ¢ > 0, the minimal asymptotic
mean-squared error is for N — oo of the order

1+28

, 1 5+23
mse u; ~ c |\ — .
N

h=cN™5 for somec> 0, A =o(h),

b)

if Vi (z;)/p(x;) < 0; in this case, for some ¢ > 0, the minimal asymptotic mean-
squared error is for N — oo of the order

/ 1 %
mse u; ~ C (N) .

Proof: We have to distinguish several cases. Let M;, u;, @ be as in the proof of Theorem
2.1. Then, with remainder Ay as in the proof of the theorem, we have

mse u; =

(14+2))?% Q 1 2
mm+m Mi(1—|—3)\)h2—ﬂz‘)\2 +AN

The first term on the right-hand side, the asymptotic variance of u;, decreases in A and in
h. The behaviour of the second term, the squared asymptotic bias of wu;, is not so simple
depending on the signs and size of M; and pu;.
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i) Let us assume M;/u; > 0. We set v? = M;/u;. Then, we can choose A such that the
dominant bias term of Theorem 2.1 ii) vanishes, i.e.

We get as the nonnegative solution

1
o= 0202 4+ 2 foutia + a2he = v+ 0) (10)

for h — 0. We first consider the case A = \g in detail, where we have

Ao 1
)+ 0(5)

bias u; = r(z;, h) + of

with 7(z;, h) = O(h?**P) as in the proof of Theorem 2.1. Looking again at the remainder
term Ay in the proof of the Theorem, now using that g is of the same order as h, we get

(14 2X)? o 15428 1

0T h) mQK—i—'r’z(mi,h)—l—o( N )+ o(m), (11)

mse u; =

as Nh3> — oo. Let us first assume that for some C' > 0 we have NA™20 < C for all N

large enough. Then, the third term on the right-hand side of (11) is o(x;), and mse u;
is asymptotically of order Clﬁ + coh**28 for suitable constant ci, co. This is minimized if,

asymptotically, for some constant ¢
h=cN 5%, (12)

The corresponding asymptotic mean-squared error is, for some constant ¢,

4428
mse u; = ¢ S - (13)
N

If, on the other hand, NA™"2?° > C for all N large enough, then the variance part of (11),
which is of order 1 = O(h®?7), is neglible compared to r%(z;, h) = O(h*™2%), i.e. to the
squared bias, which is decreasing in h. Therefore, for minimizing mse u;, h should be chosen
as small as possible, i.e. Nh7t?% = C. From considering the first case, we already know that
this is suboptimal compared to (12).

ii) Let us still assume M;/u; > 0. For A < Ay, the asymptotic mean-squared error increases,
as the dominant asymptotic bias term does not vanish any longer and as the asymptotic
variance increases for decreasing A. Therefore, only A > )y can be mse-optimal.

We first consider A > \g ~ v;h asymptotically, i.e. A = o(\). Then,

(1+20)2 Q At 1 A3
mse v = e gt o) o) +o( 5

(142202 Q AL 1

= Ty e ey o) el
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as h is of smaller order than A and Nh® — oco. The remainder terms are asymptotically
neglible to the first two positive terms. So, for minimizing mse u; asymptotically, we have
to minimize

(1+2))?2 Q A

A+ N Nh @i
As this is decreasing in h, for any A we have to choose h as large as possible considering
the constraint h = o(\). The optimal limiting case is a bandwidth h which is of the same

A

order as the regularization parameter A, i.e. 7 — 7 for N — oo. From the remark at the

beginning of this part of the proof, we only have to consider v > v;.

For A ~ vh, we get from Theorem 2.1 iv), using that Nh? — oo,

 (I+29h) Q ht 1
mse u; = Wﬂ im+0(m)+o(h4)
- %+dih4+o(%)+o(h4) (14)

where d; = (M; — p1;7%)* > 0. Setting the derivative of the nonneglible part of (14) w.r.t. h
to 0, we get as the asymptotically optimal rate h® ~ M%, and as the corresponding asymp-
totically minimal error mse u; = ¢’ N~%® for some constant ¢’ > 0. This converges slower

to 0 than the mean-squared error (13) for A = Ao.

For pu; # 0 and M;/u; > 0, we have shown that the asymptotically optimal choice of the
regularization parameter is A = A\g ~ v;h where the dominating part of the asymptotic bias
given by Theorem 2.1 ii) vanishes. The corresponding optimal rate for the smoothing pa-
rameter h is given by (12).

iii) Now we assume M;/u; < 0. In that case, the dominating part of the bias cannot vanish,
and we have

(1+2))? Q 1

2
IS R EYE ('Mim + 3\ + |Ni|)\2) + Ay

mse u; =

Using (1 4+ X)™ =1 —4X + 10A%2 + O()\3) we get

o _ Q@ | 2 )
mse u; ~i Tt (|MZ|(1+3)\)h + |l A
OO + 0(%) +o(hY) + o(h2A2) + maz(h?, A%(ﬁ).

If A = o(h), this reduces to

_ Q 214 1 4
mseuz—m—O—Mih +O(m)+0(}l)

using again Nh® — oo. This is asymptotically minimized for

Q

5 __
h ~ 4M}ZN’

(15)
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and the corresponding optimal rate of mean-squared error is

1/5

)
mse u; = Z(4Q4Mf) N—4/5 (16)

If, on the other hand, A > 0, h = O(\), then the asymptotic mean-squared error reduces to

Q 24 1 4
= — + AN\ — %), 17
mse u Nh+02 —I—O(Nh)—l—o( ) (17)
where ¢ = p? if h = o()\), and ¢ = (v?|M;| + |u|)? if b ~ X for some v > 0. As the
dominant variance term of (17) decreases in h for given A, we have to choose h as large as
possible to minimize mse w; asymptotically under the constraint h = O(\). Therefore, the

optimal rate of bandwidth is h ~ y\ for some v > 0. Then, (17) is minimized for h® = 4%;;,

and the corresponding optimal rate of mse is

5 5 1 1/%
mse u; = Z(4Q4N_47_40?)1/5 =1 (4Q4(|Mi| + _2|Mi|)2) NP
Y

This decreases for v — oo, and the limit is given by (16). Therefore, for pu; # 0 and
M;/u; < 0, the mean-squared error mse u; is asymptotically minimized for h given by (15)
and for A = o(h). u

The corollary implies that we have to distinguish two cases depending on the signs of p(x;)
and p(z;). If both signs coincide, we can choose the tuning parameters h, A such that the
estimation error u; — u(x;) converges to 0 with rate N~+9/0+20) for N — oco. By the
results of Stone [7], [8], this is the best possible rate which any nonparametric estimate can
achieve for functions of a one-dimensional argument z satisfying the regularity assumptions
(A2), provided that the distribution of errors ¢; is, e.g., Gaussian. In this case, the addi-
tional regularization improves the error rate similar to replacing the nonnegative kernel K
by a higher-order kernel (compare, e.g., section 4.6 of Hérdle [2]). On the other hand, if
p" (), i(z;) have different signs, the estimation error converges to 0 only like N=2/°> which
would be the best possible rate for functions p satisfying only assumption (A2), a).

Compared to the pure smoothing estimate with kernel K, the additional regularization serves
in the first case mainly as a device for reducing the bias. For appropriately chosen A, the
dominating bias term can be made to vanish. In the second case, we have to require A = o(h)
to avoid an unnecessarily large estimation error. From a purely asymptotic point of view, we
can omit regularization at all, i.e. choose A = 0. For finite sample size NV, however, choosing
A > 0 may be useful, as regularization does not only influence the bias, but it also has a
variance reducing effect which only turns out to be asymptotically of smaller order. This
can be seen from the factor of the dominant variance term in Theorem 2.1 iii) which is a
decreasing function of A and, therefore, always less than 1 except for the boundary case A = 0.

If we are not only interested in point estimates wu; for the function values p(x;), but also
in confidence intervals which provide information about the reliability of the estimates w;,
we need an asymptotically valid approximation of the probability distribution of w,;. For
that purpose, we prove asymptotic normality of our function estimates which may also be
used for constructing hypothesis test for comparing functions. As the grid points x;, where
we observe data and where we calculate estimates u;, depend on N, we have to extend our
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method to estimates u(z) of the function of interest p(z) at an arbitrary fixed location z.
We may interpolate the estimates u; at x;,7 = 1,..., N, smoothly by, e.g., splines, but let
us first consider the case where we just define

w(x) =u; forx; 3y <zx<x;,i=1,...,N,
with zg = 0.

Theorem 3.1 Under the assumptions of Theorem 2.1 we have

i)
(1+X)?
142X\

VNI (u(x) ~E u(x)) —4 N(0,0°Qk) for N — co.

1+30R* , A2
(S e LA rE v

with remainder Ry = O(h*™P) + 0(\/—) + O(th) uniformly in max(h, g) +g < x
1 —max(h,g) — g — +.

bias u(z) = E u(x) — p(x) = w(x) + Ry

IN

Proof: For given x, we choose the sequence i(/N) depending on N such that z;n)-1 <
n) for all N. Then, u(x) = w;n). We remark that z;ny satisfies (6) if max(h,g) + g
z<1—max(h,g)—g—+.

IAIA

i) Using (1), the centered Priestley-Chao estimate fi(z;n),h) — E ji(ziny, h) is the sample
mean of the zero mean random variables Yy; = ¢;Kp(zin) — 25),7 = 1,...,N. Using
assumption (A1) on the kernel K, it is easy to check that these random variables satisfy the
Lindeberg condition, and we get by the Lindeberg-Feller central limit theorem for triangular
arrays of random variables (compare section 1.9.3 of Serfling [5]) that

iz, h) — E fuziny, h ZYN] (18)

is asymptotically normal with mean 0 and variance

~ 0-2 1

uniformly in « € [h,1 —h — &] by part a) of the proof of Proposition 2. Multiplying
the left hand-side of (19) with v/ Nk and using Slutsky’s Theorem (compare section 1.5.4 of
Serfling [5]), we get a sequence of random variables with the non-degenerate limit distribution
N(0,0%Qg). By Theorem 2.1 i), using A — 0 and, again, Slutsky’s Theorem, we get

(1+ A)Qm (u(x) — B u(z)) = (1+ )‘)zm (uivy — B uiwy)

1+2) 1+2)
1
= VNh((zin), h) — E @z, b)) + op(A) + O Nh3)

—d N(07 U2QK>7
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ii) By assumption (A2), we have p(z;ny)) — p(z) = O(%), 1’ (ziw)) — 1'(x) = O(w5) uni-
formly in = € (0,1). Therefore, by Theorem 2.1 ii)

bias u(x) = bias uny + p(ziny) — ()
) 1
= bias u;n) + O(N)

L+3)\ B* A2 1

A

_ ) _ . 2+ S
T (14 A)2 2 (@) ) Vic 1+ )\)2“(xl(N)> +O(h™7) + 0(m) + O(th)

1+3X B? , A2
= m o H (@)Vi — m#@)

h? A2 A 1
+ O(55) +0(5) + O(h*+0) + o(m) + O(th),
and ii) follows. n

Let x; satisfy (6). If u"(z;)/u(x;) < 0, we have from Corollary 3 a) that the asymptotically
optimal rates of tuning parameters are h = CN_%, A = o(h). In this case, in the limit for
N — o0, the error u; — p(x;) is distributed as

a+3r 5 (1422 7Qx B ey 7O
V(i T Ve e (o )~V (v S )

This is to first order of approximation the same asymptotic behaviour as for the Priestley-
Chao estimate without regularization. If, on the other hand, Vi u"(x)/p(z) = v*(z) > 0,

1
then the optimal rates are h = ¢N 5+23, A = )\ ~ y;h. For that choice of order, we get as
approximative error distribution

(1+2)\0)2 O'QQK 243 O'QQK
N(RN’ (1+A5)2 Nk )NN<O(h+ ) Nh )

The squared bias and the variance are of the same order h*+?% = ﬁ here. If, on the other
hand, we choose h = ¢N *%, A = Xy ~ v;h in that case, the bias is asymptotically neglible,
and we get as approximative error distribution

UQQK
N(o, 2 )

Finally, we consider linear interpolation of the estimates u; at z;,7 = 1,..., N, as an alterna-
tive. Analogously, we could as well use, e.g., higher-order splines for an even more smooth
interpolation. Here, we define for x >

w(z;)) =wu;i=1,... N, u(z) =1 —=0)u;—q +0u; forax; 1 <z<ax,i=1,..., N,

with 0 < 0 = N(z — x;_1) < 1 depending on x and N. Then, we get the following result
analogous to Theorem 3.1:

Theorem 3.2 Under the assumptions of Theorem 2.1 we have
0

(14 N)?

1+2X

VNI (u(:(:) —E u(x)) —a N(0,0°Qk) for N — co.
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(BB
@z 2T Ny
with remainder Ry = O(h*™P) + 0(\/—) + O(54z) uniformly in max(h,g) + g <z <

bias u(z) = E u(z) — u(z) = pu(z) + Ry

1 —max(h,g) — g — +.

Proof: For given x, we choose the sequence i(/V) depending on N such that z;n)-1 < 2 <
zyny for all N. Then, u(z) = (1 — 0)uin)—1 + Ouvy. We remark that x;v)—1, ziv) satisfy
(6) if max(h,g) +g <z <1—max(h,g)— g—i

a) Using (1), the centered Priestley-Chao estimate fi(x;n), h) — E fi(x;n), h) is the sample
mean of the zero mean random variables Yy; = ¢;Kp(ziwv) — @5),7 = 1,...,N. Using
assumption (A1) on the kernel K, it is easy to check that these random variables satisfy the
Lindeberg condition, and we get by the Lindeberg-Feller central limit theorem for triangular
arrays of random variables (compare section 1.9.3 of Serfling [5]) that

N
. . 1
@iy, h) = B plaion, h) = 55 > Yoy (19)
j=1
is asymptotically normal with mean 0 and variance
. 1

uniformly in z € [h,1 —h — ] by part a) of the proof of Proposition 2. Multiplying the
left hand-side of (19) with v/Nh and using Slutsky’s Theorem (compare section 1.5.4 of Ser-
fling [5]), we get a sequence of random variables with the non-degenerate limit distribution
N(0,0%Q). The same result, of course, holds for Ti(ny—1 instead of ;).

b) By Theorem 2.1 i), using A — 0 and, again, Slutsky’s Theorem, we get
(14 N)?

1+ 2\ VN (u(2) ()
A)
= (112>\ ( 1 — 0 uz(N -1 — FE Ui(N)— ) + Q(UZ(N —F uz(N)))
= VNR((1 = 0)(i(zin)—1,h) — E fi(ziny-1, h)) + 0(i(zin), h) — E fi(ziny, b))
+0,(4) + O( =)
—d N(07U)7

as the sum of two asymptotically normal random variables is again asymptotically normal.
We only have to calculate the asymptotic variance v, i.e. the limit of

Nh Var((l — 0)fl(@iny—1, h) + O (i), h))
= Nh((l — 9)2V8I ﬂ(ﬂfi(]\[)_l, h) + 92V8I [L(SL’Z(N), h) +2 COV(/)(SL’Z‘(N)_l, h), [L(SL’Z(N), h)))

The first two terms coincide asymptotically with (1 — 0)?0?Qg + 6%0?Qx by a). For the
third term, we use that by Proposition 2 iv) and as x;n) — #in)-1 = %

| 52 1 |
Nh/K Z+m>dZ+O<N2h3)_mQK+O(N2h2)+O(N2h3)
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by assumption (A1l). We conclude

v=lim ((1-6)*0’Qx +6°0°Qx +2(1 — 0)05°Qk) = 0°Qx,

N—oo

and 1) follows.

¢) By assumption (A2), we have p(z;v)) — pu(x) = O(%), 1" (ziw)) — ' (z) = O(55) and
correspondingly for x;y)—1 uniformly in z € (0, 1). Therefore

bias u(x) = (1 —6) bias u;ny—1 + 0 bias uny + (1 = 0) p(wyny—1) + 0 p(ziny) — ()
1
= (1 —0) bias w;n)—1 + 0 bias u;ny + O(N)

Moreover, by Theorem 2.1 ii),

14+3X A2 A2 A 1
bi ; = — — ) Vi — ————=p(x; O(h**P O
ias u;(n) TENE 2,u "(zin)) Vi (1+)\)2M(x ) + O( )%—0(\/m)+ (th)
1+3\ h? A2
A T
h? 22 A 1
e h2+ﬁ
+ O(55) + O(Gp) + O™ + o =) + O 7).
and analogously for x;ny—1. We conclude
1+3X A2 N2 A 1
bi _ o _ h2t8 I
ias u(z) (1+A)? o ! ()Vi (1+)\)2M($)+ O )+O(\/m)+0<Nh2)
]
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