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Abstract – Reliable methods for the analysis of tolerance-
affected analog circuits are of great importance in nowa-
days microelectronics. Because of variations during the
production, parameters of real circuits differ from the val-
ues specified in the design process. If upper and lower
bounds of such parameter variations are known, interval
analysis can be applied to analyze the effect of these devia-
tions, but yet this was restricted to circuit equations with-
out interdependences. Hence, for an efficient application
of interval methods, it is crucial to regard possible depen-
dences in circuit equations. Part and parcel of of this strat-
egy is the handling of symbolic fill-in patterns of uncertain
components. A variant of theSherman-Morrison formula
can be utilized for efficient frequency-response analysis of
tolerance-affected linear analog circuits.

1 MOTIVATION

Numerical simulations of analog circuits can be used
to analyze a circuit’s behaviour without the need for a
physical implementation. But actual circuit properties
may differ from the results obtained by floating-point
simulations, due to errors caused by rounding, com-
ponent tolerances, and simplified models. Simulations
based on interval arithmetic can be used as a unified
framework to bound all these errors, but tend to be too
conservative. In this paper a new approach for com-
puting tight bounds to frequency response of tolerance-
affected analog circuits is described.

The behaviour of analog circuits can be described
by a system of parameter-dependent linear or nonlinear
equations. A symbolic setup of the equation system al-
lows for assigning unique symbols to each circuit com-
ponent parameter. The resulting circuit equations can-
not be analyzed in a pure symbolic way: In the nonlin-
ear case the system might not be solvable in a symbolic
manner, but yet in the linear case the result may be of
large complexity. In order to analyze the behavior of
such an analog circuit using a simulator or a numerical
solver, the symbols representing netlist elements have
to be replaced by the corresponding numerical values,
according to a given design point.

The numerical approach has two major drawbacks:
First of all, for an efficient numerical treatment of the
equation system, all numerical values have to be con-
verted into floating-point numbers. This may lead to
growing of the overall error, due to rounding of the nu-
merical values in each solving step. Another problem

is caused by the fact that a design point, i. e. a fixed
set of parameters, may be defined in advance, but one
cannot ensure a priori that the desired properties will
exactly be met during manufacturing of the actual cir-
cuit. Component tolerances will always lead to vari-
ations of a circuit’s properties, which may result in ef-
fects not expected from the results of the numerical sim-
ulation. While rounding errors could be reduced or even
completely avoided by a sophisticated treatment of the
equation system, the latter problem cannot be overcome
within a single numerical simulation. Using a statisti-
cal method, like the Monte Carlo approach, the parame-
ter variations of the production process may be simu-
lated [1]. But this results in a large number of simula-
tions and does not yield guarateed solutions. Simulation
based oninterval arithmeticcan be used as a unified
framework for both problems.

This paper starts with a brief introduction to the
principles of interval computations and the relevance
of interdependences to the accuracy of interval-valued
results. Then mathematical methods especially tuned
to handle systems arising from frequency-response ana-
lysis of linear analog circuits are described. This in-
cludes an approach, which is capable of computing tight
bounds to variations due to a large number of tolerance-
affected components. Finally, the results are illustrated
by giving example applications.

2 INTERVAL ARITHMETIC

2.1 Basics

If upper and lower bounds for the uncertain parameters
can be determined, these can be interpreted as the end-
pointsx, x of a closed interval[x,x]⊆R. A vector of in-
tervals (box) is denoted as[x]. The principles of interval
arithmetic (e.g. [2, 3]) utilize the fact, that during evalu-
ation any expression is constructed by subsequent calls
of elementary binary operations (+,−,∗,/) and basic
functions likesin, cos, log, ex andxn, where theinter-
valizationof binary operators is

[x,x]� [y,y] = [z,z], for � ∈ {+,−,∗,/} ,
with z= min{x�y,x�y,x�y,x�y} ,
andz= max{x�y,x�y,x�y,x�y} ,

(1)

if the operation is valid for all values in range. Func-
tions like e[x,x] and [x,x]n can be defined in an ana-
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logous manner. The intervalization of any monotonic
or piecewise monotonic elementary function is com-
puted by evaluating the function on a finite set ofspecial
points, consisting of the interval’s endpoints and local
extrema.

For bounding the range of a more complex expres-
sion we have to assign a correspondinginterval exten-
sion to it. An interval-valued function[ f ] is called
an interval extension of the real-valued functionf ,
if [ f ]([x1,x1], . . . , [xn,xn])⊇{ f (y1, . . . ,yn) |yi ∈ [xi ,xi ]}.
The interval extension obtained by replacing real oper-
ations and elementary functions by their interval-valued
equivalents is callednatural interval extension[2].

2.2 The Dependence Problem and Symbolic Solu-
tions

The major drawback in using interval computations is
caused by thedependence problem. While compu-
tations using independent parameters will return tight
bounds to the exact range of the function, two or more
occurrences of the same parameter during the evaluation
phase will result in too conservative estimations. For in-
stance, consider the voltage divider circuit in Figure 1.
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Figure 1: Voltage divider circuit.

Its behaviour can be described by the matrix equation 1
R1

− 1
R1

1
− 1

R1

1
R1

+ 1
R2

0
1 0 0

 ·

 V1

V2

IV0

 =

 0
0
V0

. (2)

In this case, one can explicitely find a symbolic solution
i. e. for each variable we obtain an expression in terms
of V0, R1, andR2

V1 = V0 , V2 =
R2 ·V0

R1 +R2
, andIV0 =− V0

R1 +R2
.

Assuming V0 = 1V and uncertain parameter val-
ues R1/1Ω ∈ [9,11], and R2/1Ω ∈ [90,110], in-
terval arithmetic can be used to compute rough

bounds to the range with respect to these settings,
that is V1 = 1V andV2/1V ∈ [0.743,1.112] as well
asIV0/1mA∈ [−10.1,−8.27]. But here the voltageV2

can be bounded more accurately. Using the equiva-
lent reformulationV2 = V0

1+R1/R2
to compute the inter-

val results, the tighter rangeV2/1V ∈ [0.891,0.925] is
obtained. Since each uncertain parameter occurs only
once, this is the best possible result. Therefore, sim-
ply replacing numerical solvers by an interval version
would soon lead to rather useless results, consisting of
large parts of the original search region.

Several algorithms have been developed to solve
linear and nonlinear interval-valued equation sys-
tems [2, 3]. These behave well if we are dealing with
intervals of small width and little dependence of the
interval-valued terms of the expressions involved, but
real-life applications will require the treatment of wider
intervals and parameters of multiple occurrences. For
our purpose interval algorithms have to be tuned for
solving equation systems resulting from industrial ana-
log circuits.

3 MATHEMATICAL METHODS

In this section we restrict ourselves to the treatment of
linear circuit elements.

Earlier efforts to solve interval-valued linear circuit
equations were restricted to formulations, in which each
matrix element varies independently [4]. Therefore a
new approach was developed to cope with multiple oc-
currences of parameters: we have already seen in [5]
that a resistive circuit may be represented by the para-
metric matrix equationA(p) · x = b, whose parameter
dependence can be written as a sequence of rank-one
updates of a parameter-independent matrixA0 ∈ Rn×n:

A(p) = A0 +
np

∑
i=1

pi · (ui ·vi
T) , (3)

whereui ,vi ∈ Rn, andA(p) is invertible for allp ∈ [p].
In case that capacitances and inductivities are envolved,
the structure is likewise, but the correspondingpi may
vary on the imaginary axis instead. This is not a re-
striction at all, because this structure is already inherent
to a linear circuit: Using thesparse tableau formula-
tion (STA) [6] to generate the linear circuit equations,
eachpi will occur only once andui ,vi are unit vectors,
which define the corresponding matrix element. In the
case ofmodified nodal analysis(MNA) [6] the matri-
ces pi · (ui · vi

T) correspond to the well-known fill-in
patterns used during equation setup. This form can be
utilized for efficient solving of interval-valued circuit
equations [7].



3.1 Methods for Resistive Circuits

TheSherman-Morrison formula[8] allows for inverting
a perturbed matrix for a change to a given matrix with-
out inverting the whole matrix again.

Theorem 3.1 (Sherman-Morrison) Let A ∈ Rn×n be
invertible andu,v ∈ Rn. Then the matrixA + u · vT is
invertible if and only if1+vTA−1u 6= 0. In this case we
have:(

A +u ·vT
)−1 = A−1− 1

1+vTA−1u
A−1uvTA−1 . (4)

Equation 4 has already been used in the field of ana-
log circuit analysis for calculating the influence of a sin-
gle matrix entry to the solution [9, 10]. It can immedi-
ately be used to analyze the pertubations ofA(p)−1b
with respect to to one uncertain parameterp, which
may vary in the interval[p, p]. For a desired design
point p0 ∈ [p, p] the corresponding fill-in pattern can
then be written asA(p) = A(p0) + (p− p0) · uvT. If
the matrixA(p) is invertible for all p in the range, the
conditions for the Sherman-Morrison formula are met.
Hence, we have thatA(p)−1b can be computed with re-
spect to the design-point solutionx0 = A(p0)−1b as

x0−
p− p0

1+(p− p0) ·vTA(p0)−1u
A(p0)−1uvTx0

for all p ∈ [p, p]. Because of monotonic properties of
the right-hand side the result must lie on the line be-
tweenA(p)−1b andA(p)−1b. Analogously, for several
parameterspi ∈ [p

i
, pi ], only the corner points

P :=
{(

p1, . . . , pnp

)∣∣∣ pi ∈ {p
i
, pi}

}
(5)

have to be considered to obtain close bounds.
Note, that this is possible, only if regularity ofA(p)

can be established for allp ∈ [p]. A sufficient condi-
tion for this case is the constancy of signdetA(p) for
all p ∈ P.

Hence, the interval-valued problem can be solved by
processing of those 2np linear systems corresponding to
the corner points. The advantage of this approach is,
that it does not need interval computations. Of course,
interval arithmetic can be used to bound rounding er-
rors. In the case that these do not have to be tracked,
already existing numerical solvers, like those of analog
circuit simulators [11, 12], can be utilized for tolerance
analysis.

The approach described above is suitable for small
parameter numbersnp only, because the interval-valued
problem is put down to the solution of 2np real-valued
linear systems. In order to treat a large numbers of para-
meters, we use a kind of intervalization of the Sherman-
Morrison formula to obtain a less accurate, but faster

algorithm. As seen in the case of a single uncertain pa-
rameterp∈ [p, p], the solutionA(p)−1b equals

A(p0)−1b− p− p0

d(p)
A(p0)−1uvTA(p0)−1b , (6)

if d(p) = 1+(p− p0) ·vTA(p0)−1u holds for fixed
value p0 ∈ [p, p] under the conditions of the Sherman-
Morrison theorem. But the latter can also be applied, if
we are able to show thatd(p) 6= 0 for all p∈ [p, p]. This
can efficiently be calculated by evaluating

d([p, p]) = 1+([p, p]− p0) · (vTA(p0)−1u) (7)

using interval arithmetic. Hence, it can be verified,
whetherd([p, p]) 63 0. If that is the case, the range of
the factor[m,m] := (p− p0)/d(p) over all p∈ [p, p] is
exactly bounded by

m = ((p− p0)
−1 +vTA−1

0 u)−1

m = ((p− p0)
−1 +vTA−1

0 u)−1 .
(8)

One can easily extend this approach to the case of sev-
eral parameters, by successive application of the formu-
lation for each fill-in pattern patternui · vT

i correspond-
ing to a parameterpi . Since also intermediate values
like A(p)−1ui have to be updated accordingly, it results
in a procedure of orderO(n2

p). Hence, it is suited to
problems with a lot of parameters, which is an advan-
tage over the corner point method, but at the cost of
reduced accuracy, because interdependences are not re-
moved completely.

3.2 Methods for RLC Networks

The small-signal analysis of analog circuits can be
achieved by solving complex-valued linear systems.
The corresponding matrix system also emerges from su-
perposition of fill-in patterns, which can be defined via
real vectors, but instead of real-valued parameters like
resistances or conductances, the parameters are typi-
cally of the formC ·s (capacitance) or1L·s (inductance),
for a complex-valued Laplace frequencys= 2π i f , and
uncertain valuesC andL, respectively.

For a fixed frequencyf this results in a linear
complex-valued systemC ·y = d, with C ∈Cn×n, right-
hand sided∈Cn, and variablesy∈Cn. In order to apply
(real) interval techniques it is necessary to reformulate
the complex-valued equation system by the following
equivalent real representation:

A ·x = b , with A =
(

ReC − ImC
ImC ReC

)
,

x =
(

Rey
Imy

)
, andb =

(
Red
Imd

)
.

(9)

In the real representation, matrix elements correspond-
ing to the same parameter are spread over lower and



upper parts of the system. Hence, the structure cannot
be captured with a single fill-in pattern form only, but
two of them will do in the following way

A(p) = A0 +
np

∑
ν=1

pν · (uup,ν ·vT
up,ν +ulow,ν ·vT

low,ν) .

(10)
Now, the methods developed for resistive systems
can be applied, if all occuring fill-in patterns are
treated independently. For this purpose, new parame-
terspup,ν , plow,ν are introduced, such that the right-hand
side of Equation 10 becomes

A0 +
np

∑
ν=1

(pup,ν ·uup,ν ·vT
up,ν + plow,ν ·ulow,ν ·vT

low,ν) .

Since, the dependence between lower and upper part
of A(p) is lost, this approach leads to an overestimation
of the range as illustrated in Figure 2.

C

Figure 2: Variance of the solution with respect to
one component parameter. Overestimation due to real
representation (quadrangle) and desirable tight wrap-
ping (dashed triangle).

The structure of corresponding fill-in patterns can be
utilized to obtain the tighter wrapping of the solution
set, shown by the dashed triangle in Figure 2. The pair
of vectorsulow,ν ,vlow,ν on the one hand, anduup,ν ,vup,ν

on the other, share the valuable property, that

ulow,ν =
(

0 −1
1 0

)
·uup,ν (11)

and likewise forvlow,ν andvup,ν .
If the condition of Equation 11 holds for two pairs of

vectorsulow,uup, and,vlow,vup∈R2n, which represents
the fill-in patterns of a single parameterp, and

A(p1, p2) = A0 + p1 ·ulow ·vT
low + p2 ·uup ·vT

up (12)

for A0 ∈ R2n×2n a real representation of a matrix
in Cn×n, then the variation ofA(p, p)−1 · b for val-

uesp ∈ [p, p] can be bounded by a convex set defined
by three points (triangle in Figure 2), as follows

A(p, p)−1 ·b ∈ conv
(

x1,x2,x 1
2

)
x1 = A(p, p)−1 ·b
x2 = A(p, p)−1 ·b
x 1

2
= 1

2 ·
(
A(p, p)−1 ·b+A(p, p)−1 ·b

)
.

(13)

Although Equation 13 can easily be generalized to the
case of several parameters, it is not the method of choice
for practical problems, because it would lead to 22np

linear systems to be solved. But in order to avoid such
conservative bounds, as obtained by simply using the
real representation, a combination with the ideas of re-
sistive case is suitable.

For bounding all A(p, p)−1b for p ∈ [p, p]
the points A(p, p)−1b , A(p, p)−1b , A(p, p)−1b ,
and A(p, p)−1b are needed by Equation 13. Starting
at

(
p, p

)
, an initial solutionA(p, p)−1b can be com-

puted by plain linear system solving. In this case the
condition

1+(p− p) ·uT
upA(p, p)−1uup > 0 (14)

implies that A(p, p) is invertible for all p. Hence,
the next point A(p, p)−1b can be calculated us-
ing the Sherman-Morrison formula of Equation 4.
Analogously, the vectorA(p, p) is obtained, and fi-
nally A(p, p) may be generated by a second application
of Sherman-Morrison, like in the case of a real-valued
system with two parameters.

More than one parameter can be treated, if the sets
of real-valued vectors are replaced by the smallest inter-
val vector containing all points each time the treatment
of the next parameter is finished. Therefore, from the
second step on, all computations are done using interval
arithmetic. Like in the resistive case several auxiliary
results have to be updated accordingly.

Again the loss of accuracy due to wrapping intermedi-
ate results by interval vectors pays off by reducing the
computational complexity order ton2

p.

4 EXAMPLE APPLICATIONS

The approach is demonstrated by analyzing the AC
equations for the serial circuit of Figure 3. It has the
same topological structure as the simple voltage divider
of Figure 1, but one of the resistors is replaced by a ca-
pacitor.
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Figure 3: Serial circuit.

The same is true for the system of equations,

 1
R1

− 1
R1

1
− 1

R1

1
R1

+C1s 0
1 0 0

 ·

 V1

V2

IV0

 =

 0
0
V0

, (15)

which is to be treated for a constant frequency of 1kHz,
such thats = 2π i · 1000s−1, with an exact indepen-
dent voltage source ofV0 = 1V, and two tolerance-
affected parameters given asC1/1µF∈ [0.8,1.2] as well
asR1/1Ω ∈ [80,120].

The uncertain parameters in the sense of Equa-
tion 13 are defined asp1 = 1Ω/R1 ∈ [0.0083,0.0125]
andp2 = 2π ·1000·C1/1F∈ [0.0050,0.0076]. Applica-
tion of the procedure leads to bounds for real and imag-
inary part of the current

ReIV0/1mA ∈ [−4.26,−1.74]
Im IV0/1mA ∈ [−5.55,−3.69] . (16)

Absolute value and phase can be estimated from
the corners of this box as

∣∣IV0

∣∣/1mA ∈ [4.3,6.5],
andϕ/1◦ ∈ [−132.138,−111.906] . This is an approx-
imation, which gives sufficiently accurate bounds for
practical applications (see also Section 3.3.2 of [4]).

The response for the frequencies from 1Hz up
to 1MHz is compared to the actual results, which were
approximated using a sufficiently large number of pa-
rameter sweeps. The curves denoting lower and up-
per bounds for both computations, respectively, indicate
similar qualitative behavior. Although the results ob-
tained with the interval method are less accurate, they
allow to draw conclusions about the performance of the
circuit in less computation time.
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Figure 4: Interval Bode diagram of currentIV0.
Bounds (solid), and outer approximation using the
interval method (dashed).

Following, we demonstrate the ability of the
methodology to treat real-world examples. We con-
sider the operational amplifier, whose schematics is il-
lustrated in Figure 5. The small-signal behavior of the
transistors is modeled by the simplified equivalent cir-
cuit of Figure 6, which consists of resistors, capacitors
and controlled sources.
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Figure 5: Operational amplifierµA741.
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Figure 6: Simplified equivalent circuit diagram for a
bipolar junction transistor.

Since the small-signal behaviour is only valid for
a constant operating point, we will only vary such cir-
cuit elements, which do not change the operating point.



Hence, we assign tolerances of 20% to the capacitance
values.

Then an interval-valued AC analysis is performed
for 70 frequencies between 0.1Hz and 1MHz in about
eleven minutes and 47 seconds. The frequency response
of the output voltage at node 26 is presented in Figure 7.
We obtain interpretable results: upper und lower bounds
are very close to the curve, which corresponds to the
original design point.
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Figure 7: Bode diagram of the small-signal behav-
ior of the operational amplifier. Lower and upper
bounds (solid), frequency response with respect to orig-
inal design point (dotted).

5 CONCLUSIONS

The methods described above were implemented as an
extension to the toolboxAnalog Insydes[12, 13], an
add-on package to the computer algebra systemMathe-
matica[14] for modeling, analysis, and design of analog
circuits.

The techniques can be used to obtain meaningful
bounds to the simulation results of analog circuits with
uncertain parameters. As opposed to earlier attempts
to use interval arithmetic in this area, which were re-
stricted to the sparse tableau formulation, the depen-
dence between parameters with multiple occurrences is
treated accordingly.
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